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Chapter 1

Preface

Stabilit y analysisof earth structures such as cut slopes,earth and rock¯ll embankments
has been one of the major disciplines in geotechnical engineeringfor many years. Tra-
ditionally such analyseshave beenperformed using simpli¯ed methods or empirical ap-
proaches [26]. Most of thesemethods fall into the generalcategory of slice methods of
limit equilibrium. Recall that majorit y of designcodes or commercialengineeringsoft-
wares [7, 12, 13] are basedon these approaches. Examples include, e.g., the Peterson,
Bishop or Sarma methods. All methods essentially assumethe soil is at failure at very
point alonga certain failure surface.Equilibrium conditionsarethen consideredfor failing
soil mass.To arrive at the desiredsolution, however, a number of simplifying assumptions
must be introduced(predeterminedslip surface,direction of slicesand related sideforces,
etc.).

A suitable alternative to traditional limit equilibrium approachesis the ¯nite element
method in that, that it is moreversatileand requiresfewer a priory assumptions,especially
regardingthe failure mechanism. Evolution of failure zoneis gradually dependent on the
deformation behavior of soils described by a suitable constitutive model [19]. Thus no
assumptionneedsto be madein advanceabout the shape or location of the failure surface
that arisesnaturally in the zoneswherethe shearstrength of soils is insu±cient to resist
the shear load. In modeling failure processesthe attention is usually limited to elastic
perfect plastic behavior so that hardening or softening behavior of real soils con¯rmed
by a number of experimental observations is excludedfrom the analysis. Such approach
brings us close to aforementioned limit equilibrium methods. An extensive numerical
experimentation on stabilit y of slopes under these assumptionsis reported by Gri±th
[14].

The useof ¯nite elements in geotechnical engineering,however, is much moreversatile
and by no meanslimited to stabilit y analysisof earth slopes. A variety of applications
in which ¯nite elements are irreplaceableby simple methods is described in an excellent
book by Potts and Zdravkovi·c [20].

The objective of this manual is to summarizethe theoretical grounds neededin the
analysisof geotechnical problemswith GEOmkp. The work is organizedasfollows. Chap-
ter 2, ¯rst, brie°y reviewsthe derivation of basic¯nite element equationsand then outlines
in a concisemanner formulation of all ¯nite elements implemented within the GEOmkp
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software. Chapter 3 then summarizesseveral popular constitutive models often usedby
geotechnical engineerssuch as von Mises, Drucker-Prager or Modi¯ed Mohr-Coulomb.
Seealso [19] for additional information on moreadvancedconstitutive modelsapplicable
to analysisof soft soils. The chapter concludesby several examplesthat show application
of perfect plastic models to the analysisof slopes. Finally, Chapter 4 addressestwo most
commonsolution strategiesfor the solution of nonlinearsystemof equationsthat typically
ariseswhen studying deformation behavior of soils.



Chapter 2

Fin te Elemen t Equations

The present sectionprovidesderivation of ¯nite element equationsgoverningthe respective
boundary value problem. Formulation of the set of elements implemented within the
GMKP program is provided next. Throughout this section, the standard engineering
notation is used(see,e.g., [4]). Limiting our attention to planestrain conditions, seealso

1m

y

x

z

Figure 2.1: Body ­ crossedby discontinuity ¡ d

Fig. 2.1, the stressand strain tensorswritten in the vector form are

¾ =
©

¾xx ¾yy ¾xy ¾zz
ª

T ; (2.1)

and
" =

©
" xx " yy 2" xy " zz

ª
T : (2.2)

We further introducethe (3 £ 4) matrix @de¯ned as

@=

2

4

@
@x 0 @

@y 0
0 @

@y
@

@x 0
0 0 0 @

@z

3

5 (2.3)

and the (3 £ 4) matrix n that storesthe components of unit normal vector,

n =

2

4
nx 0 ny 0
0 ny nx 0
0 0 0 nz

3

5 : (2.4)
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CHAPTER 2. FINTE ELEMENT EQUATIONS 6

2.1 Kinematics discretization

Considera body ­ boundedby a surface¡, Fig 2.2. ¡ u represents a portion of ¡ with
prescribed displacements u while tractions t are prescribed on ¡ t (¡ u \ ¡ t = ; ).
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u
_
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W

Figure 2.2: Body ­ with boundary surface¡

In the standard ¯nite element method the displacement ¯eld can be interpolated over
the body ­ using the nodal shape functions [4] in the form

u(x) = N (x)a; (2.5)

whereN is a matrix of standard nodal shape functions to interpolate the nodal degrees
of freedom. Introduction Eq. (2.5) into Eq. (2.8), the strain ¯eld is then expressedas

" (x) = B(x)a; (2.6)

whereB = @T N is the familiar strain matrix.

2.2 Governing equations

Considera linear elastic body ­. Assumingsmall strains the linear momentum balance
equation and the kinematic equationsresult in

@¾+ X = 0; (2.7)

and

" = @T u: (2.8)

The vector X in Eq. (2.7) represents the vector of body forces. The traction and dis-
placement boundary conditions are given by

n¾ = t on ¡ t ; (2.9)
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and

u = u on ¡ u: (2.10)

The system of governing equations is usually derived by invoking the principle of
virtual work. In particular, the principle of virtual displacements can be recovered by
forcing the equationsof equilibrium, Eq. (2.7), to be satis¯ed in averagesensesuch that

Z

­
±u T (@¾+ X ) d­ +

Z

¡ t

±u T (¡ n¾+ t ) d­ = 0; (2.11)

for all kinematically admissible ±u . Next applying Green's theorem and taking into
account the fact that ±u = 0 on ¡ u gives

Z

­
±" T ¾d­ =

Z

­
±u T X d­ +

Z

¡ t

±u T t d¡ : (2.12)

In the context of quasistatic non-linear ¯nite element analysisEq. (2.12) is usually pre-
sented in its linearized form

Z

­
±¢ " T ¢ ¾d­ =

Z

­
±¢ u T ¢ X d­ +

Z

¡ t

±¢ u T ¢ t d¡ ; (2.13)

where¢ represents an increment of a given quantit y over a certain increment of time ¢ t.
To proceed,we introduce with the help of Eq. (2.5) an incremental form of constitutive
equationsas

¢ ¾ = D ¢ " + ¢ ¾in = DB ¢ a + ¢ ¾in ; (2.14)

whereD is the (4 £ 4) instantaneous(tangent) material sti®nessmatrix and ¢ ¾in is the
increment of initial stressvector. Contribution to ¢ ¾in can be attributed to a number of
distinct physicalsources(thermal e®ects,pre-stressof structural elements such asanchors,
pore pressure,etc.). Finally, introducing Eq. (2.14) into Eq. (2.13) yields

±¢ aT
Z

­
B T DB ¢ a d­ = ±¢ aT

Z

­
N T ¢ X d­ (2.15)

¡ ±¢ aT
Z

­
B T ¢ ¾in d­ + ±¢ aT

Z

¡ t

N T ¢ t d¡ ;

Noting that Eq. (2.15) must be satis¯ed for all kinematically admissible±¢ a we arrive
at the traditional form of the discretesystemof linear equations

K ¢ u = ¢ f ; (2.16)

where K is the instantaneous (tangent) global sti®nessmatrix and ¢ f represents the
generalizedload vector. Individual symbols in Eq. (2.16) are provided by

K =
Z

­
B T DB d­ ; (2.17)

¢ f =
Z

­
N T ¢ X d­ ¡

Z

­
B T ¢ ¾in d­ +

Z

¡ t

N T ¢ t d¡ : (2.18)
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Following the standard ¯nite element procedure, the sti®nessmatrix is obtained by
the assembly of contribution from individual elements. To that end, the domain ­ is de-
composedinto Ne non-intersectingelements ­ e such that ­ = [ Ne

e=1 ­ e. Formally writing,
the global sti®nessmatrix and the global force vector become

K = ANe
e=1 K e; (2.19)

¢ f = ANe
e=1 ¢ f e: (2.20)

2.3 Finite elements used in GMKP program

The following section provides a brief overview of individual ¯nite elements usedin the
GMKP ¯nite element code. The available elements can be divided into two groups: two-
dimensionalplane strain elements (3-node and 6-node triangular elements) and special
elements such as2-node rod element to model anchors,2-node and 3-node beamelements
to model supporting walls, tunnel linings or foundation and 4-node and 6-node interface
elements to model relative movement of the structure with respect to the soil. All el-
ements implemented in GMKP are constructed within the framework of isoparametric
formulation, which meansthat the sameinterpolation functions are usedto approximate
geometryas well as displacement ¯eld.

2.3.1 2-no de ro d element

The 2-node rod element with the linear interpolation of the displacement ¯eld is shown
in Fig. 2.3.
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Figure 2.3: 2-node rode element
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Kinematics

The local displacement ul written in terms of the global degrees of freedom
ae = f u1; v1; u2; v2gT reads

ul = N1 (u1 cos®+ v1 sin®)
| {z }

u l
1

+ N2 (u2 cos®+ v2 sin®)
| {z }

u l
2

; (2.21)

wherethe isoparametricelement shape functions N1; N2 are given by

N1 =
1
2

(1 ¡ r );

N2 =
1
2

(1 + r ):

Elemen t sti®ness matrix

Taking the derivative of Eq. (2.21) with respect to x l givesthe axial strain in the form

" = Ba; (2.22)

wherethe (1 £ 4) matrix B attains the following form

B =
1
L

f¡ cos®; ¡ sin®; cos®; sin®g: (2.23)

whereL is the element length. To concludethe derivation of the element sti®nessmatrix
we introducethe constitutive law in the form

¾= D" =
EA
L

"; (2.24)

where D = EA=L represent the element axial sti®ness;E; A are Young's modulus and
element cross-sectionalarearespectively. Finally, making useof Eq. (2.17) on the element
level provides the element sti®nessmatrix K e as

K e =
EA
L

2

6
6
4

cos® cos® cos® sin® ¡ cos® cos® ¡ cos® sin®
cos® sin® sin® sin® ¡ cos® sin® ¡ sin® sin®

¡ cos® cos® ¡ cos® sin® cos® cos® cos® sin®
¡ cos® sin® ¡ sin® sin® cos® sin® sin® sin®

3

7
7
5 : (2.25)

2.3.2 2-no de and 3-no de beam elements

The 2-node and 3-node beamelements implemented in GMKP appear in Fig. 2.4.
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Figure 2.4: 2-node and 3-node beamelements

Kinematics

In general,assumingthe local cartesiancoordinatesx; y to be aligned with the principal
axesof inertia and placedin the origin of the centroid of the beamcross-sectionprovides
the constitutive equationsin the form

8
<

:

Nx

M z

Qy

9
=

;
=

2

4
EA 0 0
0 EI z 0
0 0 kGA

3

5

8
>>>>><

>>>>>:

du
dx

¡
d' z

dx
¡ ' z +

dv
dx

9
>>>>>=

>>>>>;

; (2.26)

where EA; EI z; kGA represent the axial, bending and shearsti®nessesof the beam, re-
spectively. Individual entries in the resultant stressvector ¾ = f Nx ; M z; QygT represent
the normal force, bending moment and the shear force developed in the beam cross-
section. Finally, the unknown functions in the displacement ¯eld u = f u; '; vg T stand
for the longitudinal displacement, rotation about the z-axisand vertical displacement, re-
spectively. They follow from the standard ¯nite element approximation using the element
shape functions and the nodal degreesof freedom

u = N a: (2.27)

2-node beam element: Detailed derivation of the ¯nite element matrices for the 2-node
beam element implemented in GMKP is given in [4]. Here we present only the most
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Table 2.1: Shape functions for 2-node beamelement

Node i Function N i

1 1 ¡ r

2 r

3
1

L(1 + 2· )

£
6r ¡ 6r 2

¤

4
1

1 + 2·

£
(1 + 2· ) ¡ 2(2+ · )r + 3r 2

¤

5
1

L(1 + 3· )

£
¡ 6r + 6r 2

¤

6
1

1 + 2·

£
¡ 2(1 ¡ · )r + 3r 2

¤

7
1

1 + 2·

£
(1 + 2· ) ¡ 2·r ¡ 3r 2 + 2r 3

¤

8
L

1 + 2·

£
¡ (1 + · )r + (2 + · )r 2 ¡ r 3

¤

9
1

1 + 2·

£
2·r + 3r 2 ¡ 2r 3

¤

10
L

1 + 2·

£
·r + (1 ¡ · )r 2 ¡ r 3

¤

essential part. In particular, the matrix N in Eq. (2.27) assumesthe form

N =

2

4
N1 0 0 N2 0 0
0 ¡ N3 N4 0 ¡ N5 N6

0 N7 ¡ N8 0 N9 ¡ N10

3

5 ; (2.28)

where individual shape functions are listed in Table 2.1. The variable · that appearsin
individual terms of the shape functions is given by

· =
6EI z

kGAL 2
;

wherek is the shearcorrection factor and L is the length of the beam. The ¯nite element
representation of the strain ¯eld

" =
½

du
dx

; ¡
d' z

dx
; ¡ ' z +

dv
dx

¾
; (2.29)



CHAPTER 2. FINTE ELEMENT EQUATIONS 12

Table 2.2: Shape functions for 3-node beamelement

Node i Regular function N i Substitute function N i

1 1
2r (r ¡ 1) 1

2( 1
3 ¡ r )

2 1
2r (r ¡ 1) 1

2( 1
3 + r )

3 (1 ¡ r 2) 2
3

calls for introduction of the strain matrix B . Using Eq. (2.28) and taking into account
the transformation of coordinatesfrom the local to the global coordinate systemit is easy
to seethat

B =

2

4
CN 0

1 SN 0
1 0 CN 0

2 SN 0
2 0

¡ SN 0
3 CN 0

3 ¡ N 0
4 ¡ SN 0

5 CN 0
5 ¡ N 0

6
¡ S(N3 + N 0

7) C(N3 + N 0
7) ¡ N4 ¡ N 0

8 ¡ S(N5 + N 0
9) C(N5 + N 0

9) ¡ N6 ¡ N 0
10

3

5 ;

(2.30)
where

C = cos(®);

S = sin(®); (2.31)

N 0
i =

1
J

dN i

dr
;

The angle® in the above equation is de¯ned in Fig. 2.4 and the JacobianJ follows from
Eq. (2.35).

3-node beam element: Assuming the standard isoparametric shape functions listed in
Table 2.2 to approximate the displacement ¯eld givesthe matrix N in the form

N =

2

4
N1 0 0 N2 0 0 N3 0 0
0 N1 0 0 N2 0 0 N3 0
0 0 N1 0 0 N2 0 0 N3

3

5 ; (2.32)

Next, recall the representation of the strain ¯eld (2.29) and useEq. (2.32) to arrive at

B =

2

4
CN 0

1 SN 0
1 0 CN 0

2 SN 0
2 0 CN 0

3 SN 0
3 0

0 ¡ N 0
1 0 0 ¡ N 0

2 0 ¡ N 0
3 0

¡ SN 0
1 CN 0

1 N 1 ¡ SN 0
2 CN 0

2 N 2 ¡ SN 0
3 CN 0

3 N 3

3

5 : (2.33)

The standard B matrix was again augmented to account for the transformation of coor-
dinates. ParametersC; S; N 0

i receive the samemeaningasin Eq. (2.31) with the Jacobian
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J found from Eq. (2.36). In addition, substitute shape functions N i were usedto de¯ne

the variation of ' in the de¯nition of shearstrain ¡ ' z +
dv
dx

to avoid shearforce locking.

Note that the substitute shape functions coincidewith the regular shape functions at the
reducedGaussianintegration points. Details can be found in [10, 19].

Elemen t sti®ness matrix

Derivation of the sti®nessmatrix follows Eq. (2.17). The result is

K e =
NX

j =1

wj B T (r j )DB (r j )J; (2.34)

wherethe JacobianJ reads

J = L for 2 ¡ node element; (2.35)

J =
L
2

for 3 ¡ node element: (2.36)

Locations of integration points within parent elements are stored in Table 2.3.

Table 2.3: Integration points for 2-node and 3-node beamelements

Integration 2-node beam 3-node beam

point coordinate r weight coordinate r weight

1 0.211324865 1.0 -0.774596669241483 5/9

2 0.788675131 1.0 0.0 8/9

3 0.774596669241483 5/9
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Figure 2.5: 4-node and 6-node interfaceelements

2.3.3 Plane 3-no de and 6-no de triangular elements

Plane 3-node and 6-node isoparametric triangular elements are implemented in GMKP.
Geometry of both elements is evident from Fig. 2.5.

Kinematics

The displacement interpolation functions are listed in Table 2.4. The element degreesof
freedomare

a = f u1; v1; u2; v2; u3; v3gT 3 ¡ node elem; (2.37)

a = f u1; v1; u2; v2; u3; v3; u4; v4; u5; v5; u6; v6gT 6 ¡ node elem: (2.38)

The displacement ¯eld inside the element is uniquely described by the above nodal pa-
rameters

u =
nX

i =1

N i ui ; v =
nX

i =1

N i vi ; (2.39)

wheren is the number of element nodes.

Elemen t sti®ness matrix

The components of the strain tensorfollow from Eq. (2.6). The element sti®nessmatrix is
then de¯ned by Eq. (2.17). Here, the integral is again evaluated by Gaussianquadrature
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Table 2.4: Interpolation functions for 3-node and 6-node triangular elements

Node Function Included only if node i
i N i is de¯ned

i = 4 i = 5 i = 6

1 1 ¡ r ¡ s ¡
1
2

N4 ¡
1
2

N6

2 r ¡
1
2

N4 ¡
1
2

N5

3 s ¡
1
2

N5 ¡
1
2

N6

4 4r (1 ¡ r ¡ s)

5 4rs

6 4s(1 ¡ r ¡ s)
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Table 2.5: Integration points for 3-node triangular element

Integration Coordinate Coordinate Weight
point r s

1 1/3 1/3 1/2

Table 2.6: Integration points for 6-node triangular element

Integration Coordinate Coordinate Weight
point r s

1 0.1012865073235 0.1012865073235 0.1259391805448

2 0.7974269853531 0.1012865073235 0.1259391805448

3 0.1012865073235 0.7974269853531 0.1259391805448

4 0.4701420641051 0.0597158717898 0.1323941527885

5 0.4701420641051 0.4701420641051 0.1323941527885

6 0.0597158717898 0.4701420641051 0.1323941527885

7 0.3333333333333 0.3333333333333 0.2250000000000
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so that

K e =
NX

j =1

wj B T (r j ; sj )DB (r j ; sj )J (r j ; sj ); (2.40)

where wi is the weight for a given integration point i , N is the number of integration
points and J is the Jacobianof the transformation given by

J (r; s) =
@x
@r

@y
@s

¡
@x
@s

@y
@r

: (2.41)

The linear 3-node element is integrated at 1 integration points, while N = 7 is assumed
for the quadratic 6-node element, seeFig. 2.5. Locations of integration points within
parent elements are stored in Tables2.5 and 2.6. Further details on the evaluation of the
element sti®nessmatrix can be found in [4].

Elemen t load vector

In this section,we turn our attention to the evaluation of element load vector attributed
to the gravit y loading, pore pressureloading and loading that ariseduring excavation.

Gravity loading: The forcesgeneratedby the self weight of the soil follow from the ¯rst
term on the right hand sideof Eq. (2.18) and are given by

f gr
e =

Z

Ve

N T X °
e dVe; (2.42)

whereX °
e = f 0; °egT and °e is the element self-weight per unit volume. The integral in

Eq. (2.42) thus redistributes the net vertical force to all element nodes.

Pore pressure: To arrive at the element load vector due to the prescribed pore pressure
we ¯rst recall the conceptof e®ective stresses.The total stressvector then assumesthe
form

¾ = D " ¡ 3mp; (2.43)

where p > 0 represents the prescribed liquid pore pressurein the fully saturated soil.
Matrix D now stands for the sti®nessmatrix of the porous skeleton and vector m is
introducedlater in Section3.4.1Eq. (3.4). Also not that the matrix of the solid phaseof
the porousskeleton is taken as rigid (undeformable). Eq. (2.14) now becomes

¾ = BD a ¡ N p; (2.44)

where vector p stores the nodal values of the prescribed pore pressure. Introducing
Eq. (2.44) into Eq. (2.15) then gives (recall the secondterm on the right hand side of
Eq. (2.18))

f pp
e = ¡

Z

Ve

B T N ep dVe: (2.45)

Excavation problem: When a portion of material is excavated (openexcavation, tunneling)
forces must be applied along the excavated surface such that the remaining material
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experiencesthe correct unloading e®ectand the new free surface is stress free [25, 5].
The excavation procedure is schematically displayed in Fig. 2.6. Supposethat prior to
excavation the material in the original body is loadedto attain the initial stresses¾A 0 in
zoneA and ¾B 0 in zoneB, respectively. This initial stressstate can be recovered as a
superposition of two loadingstages.To that end,supposethat the material from zoneA is
removed. To maintain the initial stressstate ¾B 0 developed in zoneB the newfreesurface
must be loadedby forcesFAB exertedby body A on to body B. Similarly, the forcesFB A

having the samemagnitude but opposite direction as forcesFAB must be applied to body
A to comply with the equilibrium requirements. It now becomesevident that in order to
completethe excavation procedurethe unwanted layer of forcesFAB must be removed by
applying force FB A to body B thus arriving at the required stressfree surface,Fig. 2.6.

X g
A

B

t
FBA

ABF

sB

sA 0

0

FBA

sBs   + B 0

Figure 2.6: Excavation processand excavation forces

In mathematical terms the excavation forcesFB A follow from the principal of virtual
work written as

Z

­ A

±" T ¾A 0 d­ =
Z

­ A

±u T X ° d­ +
Z

¡ A

±u T t d¡ : (2.46)

After discretization Eq. (2.46) becomes

A
NeA
e=1

µ
±ae

T
Z

Ve

B T ¾A 0e dVe ¡ ±ae
T

Z

Ve

N T X °
e dVe

¶
= ±aAB

T F B A : (2.47)

The ¯nal step requiresto relate the element nodal degreesof freedomto the degreesof
freedomassociated with the nodeson the new free surface. This can be done with the
help of the localization matrix L such that

ae = L eaB A : (2.48)
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Fba
2

Fba
1

Fba
1

Fba
2

zoom

zoom

A

B

1a 1b

1a

1b

Figure 2.7: Localization

Plugging back from Eq. (2.48) into Eq. (2.47) ¯nally givesthe vector of excavation forces
in the form

F B A = A
NeA
e=1

µ Z

Ve

L e
T B T ¾A 0e dVe ¡

Z

Ve

L e
T N T X °

e dVe

¶
: (2.49)

The localization procedureas shown in Fig. 2.7 essentially corresponds to the selection
of elements attached to the excavation surface. Thus the remaining elements present in
body A do not have to be taken into account when computing the excavation forcesF B A

in Eq. (2.49).
The theoretical grounds set in the above paragraphsare demonstratedon a simple

problem of open excavation. Figs. 2.8-2.10illustrate a sequenceof computational tasks
presented in Fig. 2.6. The initial state prior to excavation is represented by Fig. 2.8
showing a variation of the horizontal stressdue to pure gravit y loading. Fig. 2.9 then
corresponds to the state found in body B on Fig. 2.6 after removing the soil from open
cut but keepingthe original stressesby applying forcesFAB along new free boundaries.
Finally, Fig. 2.10 displays the ¯nal deformation and stressstate after removing the un-
wanted forcesFAB with the help forcesFB A that have the samemagnitude but opposite
direction, seeFig. 2.6 showing body B after completing the excavation sequence.

2.3.4 4-no de and 6-no de in terface element

This section presents derivation of the element sti®nessmatrix for the 4-node and 6-
node interfaceelements that are compatible with 3-node and 6-node triangular elements,
respectively, also implemented within the GMKP ¯nite element code. Both elements are
displayed in Fig. 2.11.

Kinematics

In the ¯nite element framework the globaldisplacements areapproximated usingthe stan-
dard element shape functions listed in Table 2.7. Referring to Fig 2.11 the displacement
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Figure 2.8: Excavation procedure{ initial state

Figure 2.9: Excavation procedure{ intermediate state

Figure 2.10: Excavation procedure{ ¯nal state
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Figure 2.11: 4-node and 6-node interfaceelements

Table 2.7: Interpolation functions for 4-node and 6-node interfaceelements

Node Function Included only if
i N i node 3 is de¯ned

1
1
2

(1 ¡ r ) ¡
1
2

N3

2
1
2

(1 + r ) ¡
1
2

N3

3 (1 ¡ r 2)

¯eld for the 4-node interfaceelement receivesthe form

utop = N1u3 + N2u4; (2.50)

ubot = N1u1 + N2u2;

vtop = N1v3 + N2v4;

vbot = N1v1 + N2v2;

In the compact form the global nodal degreesof freedomui ; vi are

ag = f u1; v1; u2; v2; u3; v3; u4; v4gT : (2.51)
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Similarly for the 6-node interfaceelement we get

utop = N1u4 + N2u5 + N3u6; (2.52)

ubot = N1u1 + N2u2 + N3u3;

vtop = N1v4 + N2v5 + N3v6;

vbot = N1v1 + N2v2 + N3v3;

and
ag = f u1; v1; u2; v2; u3; v3; u4; v4; u5; v5; u6; v6gT : (2.53)

Elemen t sti®ness matrix

The stress-displacement relationship of the interfacemodel assumesthe form
½

¿
¾

¾
= D

½
[[u]]l
[[v]]l

¾
; (2.54)

where [[u]]l and [[v]]l represent the relative displacements of the top and bottom of the
interface element in the local coordinate system, Fig. 2.11. For isotropic linear elastic
behavior the interfacematerial sti®nessmatrix D takesthe form

D =
·

K s 0
0 K n

¸
; (2.55)

whereK s and K n are the elastic shearand normal sti®nesses,respectively. They can be
related to the interfaceshearand Young'smoduli Gint ; E int as

K s =
Gint

t
;

K n =
E int

t
;

where t represents the interface sti®ness.It should be noted here that setting the inter-
facesti®nessesK s; K n to low valuesmay lead to excessively large elastic displacements.
However, if the elastic parametersare too large (attempt to model a perfect bond), then
the numerical ill-conditioning may occur. This is usually manifestedby the oscillation
interface stresses. It has been argued that such unwanted oscillatory behavior can be
reducedby using the Newton-Cotesintegration scheme(integration points coincidewith
the element nodes)when computing the element sti®nessmatrix [9, 15]. This integration
schemeis employed in GMKP. On the contrary, the results presented in [11] suggestthat
the useof Newton-Cotesintegration schemehasno bene¯t over the Gaussianquadrature.

The globaldegreesof freedomin Eqs.(2.51)and(2.53)arerelatedto localdisplacement
jumps in the form (

[[u]]l
[[v]]l

)

= Bag; (2.56)
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wherethe matrix B assumesthe form

B = [¡ TB 1 ¡ TB 2 TB 1 TB 2] 4 ¡ node elem; (2.57)

B = [¡ TB 1 ¡ TB 2 ¡ TB 3 TB 1 TB 2 TB 3] 6 ¡ node elem: (2.58)

and

T =
·

cos® sin®
¡ sin® cos®

¸
B i =

·
N i 0
0 N i

¸
: (2.59)

The element sti®nessK e then follows from

K e =
L
2

Z 1

¡ 1
B T DB dr; (2.60)

whereL is the element length.

Elemen t load vector

We limit our attention to the element load due to pore pressure. Assuming drained
boundary conditions and using the conceptof e®ective stressesgives the vector of total
stressesin the form ½

¿
¾

¾
=

£
D

¤
½

[[u]]l
[[v]]l

¾
¡

½
0
1

¾
p; (2.61)

wherethe averagevalue of pore pressurep is given by

p =
1
2

[(p1 + p3)N1 + (p2 + p4)N2] 4 ¡ node elem; (2.62)

p =
1
2

[(p1 + p4)N1 + (p2 + p5)N2 + (p3 + p6)N3] 6 ¡ node elem: (2.63)

Finally, recall the secondterm in Eq. (2.18) to get the element load vector f e due to
initial pore pressureas

f e =
L
2

Z 1

¡ 1
B T

½
0
1

¾
pd r: (2.64)



Chapter 3

Constitutiv e mo dels

3.1 Constitutiv e mo del for anchors

An important topic which needsto be addressedis concernedwith the methods of sup-
porting walls (props, ties, anchors) or reinforcing the soil body (geotextiles). A two-node
rod element with an axial sti®nessbut with no bendingsti®nesscanbeusedto model hor-
izontal struts, ranking struts, geotextilesor node-to-node anchors. In generalthe element
is usedto model ties betweentwo points in space. In the current implementation, such
an element is consideredto be a freeelement not necessarilyconnectedto the underlying
¯nite element mesh. Its deformation is realized by tying the free element nodes to the
active nodes in the element mesh. This step is done automatically. This element can
be subjected to both tensile forces(anchors) and compressive forces(struts). Allowable
limits on the tensile as well as compressive force can be set to simulate element failure,
e.g.,anchor tensile failure or compressive failure of props due to buckling.

R t

Rc

s

e

1 s

e

s in

EA/L

Figure 3.1: Constitutiv e model for anchors

The material behavior is limited to linear elasticity up to failure asshown in Fig. 3.1.
The corresponding incremental stress-strainrelationship assumesthe form

¢ ¾=
EA
L

¢ " + ¢ ¾in ; (3.1)

24
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whereE is Young's modulus, A represents the element cross-sectionalarea and L is the
element length; ¢ ¾in stands for the initial stress increment associated with the initial
anchor pre-stressgiven by

¢ ¾in =
¢ Fpr e

A
; (3.2)

where Fpr e is the applied pre-stressforce. Values Rt and Rc in Fig 3.1 correspond to
allowable tensile and compressive strengths, respectively. Note that care must be taken
whencomputing the axial element sti®nessEA=L in planestrain applicationsasit should
represent an equivalent axial sti®nessper unit length that takesinto account the element
spacingin the out of plane direction.

As a default setting the element is assumedto sustain zerocompressive stress.Thus,
it is deactivated when in compression.But it can be reactivated again when subjected
to tension. However, when the allowable strength limits are exceededthe element is
automatically removed from the analysis.

3.2 Elastic constitutiv e mo del for soil

Although not realistic for soils the program makes possibleto analyze a purely elastic
isotropic material. A typical stress-straincurve for a linear elastic material is plotted in
Fig. 3.2. Note that such a model assumesthat the loading and unloadingbranch coincide.

1
E = Eur

s

e

loading/unloading

Figure 3.2: Linear elastic constitutive model for soil

The assumptionof isotropy (all material constants are independent of the orientation
of coordinate axis) is commonfor all material modelsimplemented in GEOmkp. In such a
casethereareonly two independent material constants necessaryto represent the material
behavior, e.g., the Young modulus E and Poissonratio º . Limiting our attention to the
plane-strain description, the incremental constitutive equation for linear elastic isotropic
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material read
8
>><

>>:

¾xx

¾yy

¿xy

¾zz

9
>>=

>>;
=

E
(1 + º )(1 ¡ 2º )

2

6
6
4

1 ¡ º º 0 º
º 1 ¡ º 0 º
0 0 1¡ 2º

2 0
º º 0 1 ¡ º

3

7
7
5

8
>><

>>:

" xx

" yy

° xy

" zz

9
>>=

>>;
(3.3)

3.3 Mo di¯ed elastic constitutiv e mo del for soil

A slightly more realistic prediction of the material behavior can be achieved when as-
suming di®erent material responsein loading and unloading. Such an approach calls for
a third independent material parametergoverning the unloading-reloadingbranch of the
stressstrain curveasshown in Fig. 3.3. An experimental evidencesuggeststo set the value
of the unloading-reloadingYoung's modulus Eur approximately three times the value of
E. This is the default setting in GEOmkp.

1
E

Eur

e

s

1

loading

unloading

Figure 3.3: Modi¯ed linear elastic constitutive model for soil

3.4 Elasto-plastic constitutiv e mo dels for soil

One of the key topics in the geomechanical engineeringis an assessment of stabilit y and
ultimate load bearing capacity of soils. Although a number of simple approachesbased
on limit equilibrium is available for the solution of this problem such as the Petterson,
Bishop or Sarma methods, there is an increasingneed for more accurate and reliable
approachesthat take the actual behavior of soils into account, especially in applications
involving soils that show softeningbehavior, e.g., densesandsor overconsolidatedclays,
seeFig. 3.4.

The purposeof this chapter is to review several constitutive models generallyknown
to geotechnical engineers.The chapter starts with the classicalvon Misesmodel [4, 19]
often calledwhenassumingthe total stressapproach. Although this model is not currently
implemented within the GEOmkp software, we take advantage of its simplicity and use
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1
ET

1

E

Eur

1

s

e

loading

unloading

Elastic Hardening Softening

Figure 3.4: Typical soil behavior involving hardeningand softening

it as a stepping stone for more complex constitutive models such as the Drucker-Prager
and modi¯ed Mohr-Coulomb models discussednext. Note that unlike the von Mises
constitutive model thesemodelsdraw on the useof e®ective parameters.

3.4.1 In varian ts

Before proceedingwith the actual formulation of individual constitutive models we ¯rst
de¯ne the following matrices and vectorsextensively usedin this chapter:

m = f 1=3; 1=3; 0; 1=3g
T

;

P =

2

6
6
6
6
6
6
6
6
4

2=3 ¡ 1=3 0 ¡ 1=3

¡ 1=3 2=3 0 ¡ 1=3

0 0 2 0

¡ 1=3 ¡ 1=3 0 2=3

3

7
7
7
7
7
7
7
7
5

; Q =

2

6
6
6
6
6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 1=2 0

0 0 0 1

3

7
7
7
7
7
7
7
7
5

; (3.4)

with the following useful connections

m
T

Q m = m
T

m =
1
3

; PQP = P; PQ m = 0: (3.5)

In addition, standardengineeringrepresentation of stressand strain is usedthroughout
the text. Assuming the Cartesian coordinate system with axesx1; x2 and x3, and the
plain strain state of stressthe symmetric secondorder Cauchy stresstensor ¾ is then
represented as (4 £ 41) vector,

¾ = f ¾11; ¾22; ¾12; ¾33g
T

: (3.6)
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Similarly we write the symmetric second-ordertensor of small strains " in the form

" = f "11; "22; °12; "33g
T

: (3.7)

The deviatoric counterparts of stress¾ and strain " are then given by

s = PQ ¾; e = PQ " : (3.8)

The state of stressat a given material point provided by Eq. (3.6) can be alsowritten
in terms of three basic invariants. Assuming standard elasticity notation (pressureis
negative) theseinvariants can be written with the help of Eq. (3.4) as

¾m = m
T
¾; (3.9)

J =

r
1
2

¾T P¾; (3.10)

µ = ¡
1
3

arcsin

Ã
3
p

3
2

I 3s

J 3

!

; (3.11)

where¾m is the e®ective meanstress,J is de¯ned asa squareroot of the secondinvariant
of the deviatoric stressand µ is the Lode's angle; I 3s in Eq. (3.11) stands for the third
invariant of the deviatoric stress.Assumingplanestrain conditions the quantit y I 3s takes
the following form

I 3s = s11s22s33 ¡ s33s12s12; (3.12)

wheresij arethe components of the deviatoric stresstensorgivenby Eq. (3.8). It becomes
also advantageous,later in this chapter, to de¯ne certain equivalent measuresof strain
vectors" and e as

"eq =

r
2
3

" T Q" ; (3.13)

°eq =

r
2
3

" T QPQ " : (3.14)

3.4.2 Yield surface

It is the well known fact that the plastic behavior of solids in general is characterized
by a non-unique stress-strainrelationship. Evidenceof such a behavior is the presence
of irrecoverable (plastic) strains (" ) upon unloading. Fig. 3.5 provides an illustrativ e
exampleof uniaxial behavior of a material loaded beyond the elastic limit. The plastic
strains attributed to yielding, however, can occur only if the stresses¾ satisfy a certain
yield criterion

F (¾; · ) = 0; (3.15)

wherethe components of vector · = f · 1; · 2 : : :g
T

are called the hardening/softeningpa-
rameters. If the material exhibits hardening/softening,the surfacedescribedby Eq. (3.15)
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epl

Loading

Unloading

s

e

Figure 3.5: Uniaxial plastic behavior

expands/contracts dependingon the loading history and the hardening/softeningparam-
eters · = · (t). The condition F (¾; · ) < 0 then corresponds either to initial elastic
loading, or elastic unloading from a previously reached plastic state. In a time interval
during which the material remainsin plastic state, the yield condition Eq. (3.15) is satis-
¯ed (recall that F (¾; · ) > 0 is not allowed). After di®erentiating the yield condition we
arrive at the so called consistencycondition [4]

dF =
³ @F

@¾

´ T

d¾+
³ @F

@·

´ T

d· = 0; (3.16)

where,under plane strain state of stress,

@F
@¾

=
½

@F
@¾11

;
@F
@¾22

;
@F
@¾12

;
@F
@¾33

¾T

; (3.17)

@F
@·

=
½

@F
@· 1

;
@F
@· 2

; : : : ;
@F
@· k

¾T

:

The material constants can be chosensuch that for loading
³

@F
@·

´ T

d· < 0. The consis-
tency condition then provides the following loading criterion :

³ @F
@¾

´ T

d¾ = d¾
T @F

@¾

8
><

>:

> 0 plastic loading;

= 0 neutral loading;

< 0 elastic loading:

(3.18)

Apart from the yield condition, Eq. (3.15), the description of the plastic deformation
requiresa certain assumptionabout the direction of the plastic °ow. Such hypothesisis
called the °ow rule. It is quite generallypostulated that the plastic °ow will occur in the
direction normal to a plastic potential surface

G = G(¾; · ): (3.19)
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The plastic strain increment can be then de¯ned as

d" pl = d¸
@G
@¾

; (3.20)

where d¸ is a proportionalit y constant, as yet undetermined. The special caseof G = F
is known asassociated plasticity and the °ow rule Eq. (3.19) is termed the normality rule.
In generalcase,however, whenG 6= F the plasticity is non-associated. Parameterd¸ can
be eliminated using consistencycondition Eq. (3.16) written in Melan's form as

dF =
³ @F

@¾

´ T

d¾¡ H d¸ = 0; (3.21)

where

H = ¡
³ @F

@·

´ T @·
@̧

valid for
³ @F

@¾

´ T

d¾ > 0; (3.22)

is the modulus of plastic hardening/softening.

3.4.3 Elasto-plastic sti®ness matrix

This section completesthe summary of general theoretical grounds neededfor the de-
scription of plastic behavior of solids by formulating the elasto-plasticmaterial sti®ness
matrix. Two approachesare examinedto arrive at the desiredresult. The ¯rst approach
draws on standard incremental form of constitutive equationscombined with consistency
condition given by Eq. (3.16), while the secondapproach con¯rms with the actual al-
gorithmic procedure for the stressupdate. The interested reader may also consult an
excellent paper on this subject by Simo and Taylor [24].

Standard tangen t sti®ness matrix

Assumingadditive decomposition of small strains the total strain vector admits the fol-
lowing representation

d" = d" el + d" pl : (3.23)

Relating the increment of stress d¾ during plastic loading to the elastic part of the total
strain d" el we get

d¾ = D el( d" ¡ d" pl): (3.24)

where D el represents, keeping up with the plane strain conditions, the (4 £ 4) elastic
sti®nessmatrix. Substituting for d" pl from Eq. (3.20) into Eq. (3.24) gives

d¾ = D el

µ
d" ¡ d¸

@G
@¾

¶
: (3.25)

After substituting for d¾ from Eq. (3.25) into consistencycondition Eq. (3.21) we get

µ
@F
@¾

¶ T

D el

µ
d" ¡ d¸

@G
@¾

¶
¡ H d¸ = 0: (3.26)
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Solving for d¸ from Eq. (3.26) yields

d¸ =

³
@F
@¾

´ T

D el d"

H +
³

@F
@¾

´ T

D el
³

@G
@¾

´ : (3.27)

Back substitution of d¸ into Eq. (3.24) then results in

d¾ =

2

6
4D el ¡

³
@F
@¾

´ T

D el

H +
³

@F
@¾

´ T

D el
³

@G
@¾

´

µ
@G
@¾

¶
3

7
5 d" : (3.28)

Eq. (3.28) represents an explicit expansionwhich determinesthe stresschangein terms of
strain changewith the instantaneous(elasto-plastic) tangent sti®nessmatrix D ep written
as

d¾ = D ep d" (3.29)

D ep = D el ¡
D el

³
@G
@¾

´ ³
@F
@¾

´ T

D el

H +
³

@F
@¾

´ T

D el
³

@G
@¾

´ = D el ¡
D eln gn T D el

H + n T D eln g
; (3.30)

where

n =
@F
@¾

; n g =
@G
@¾

; (3.31)

represent normals to the yield and potential surfacesin the stressspace,respectively.

Algorithmic tangen t sti®ness matrix

It hasbeencon¯rmed that the useof the elasto-plasticsti®nessmatrix givenby Eq. (3.30)
spoils the quadratic convergenceof the Newton-Raphsoniterativ e solver. Simo and Tay-
lor [24] showed that in order to cure this, the elasto-plastic sti®nessmatrix must be
consistent with the algorithmic procedureusedfor the stressupdate. Thus, following the
standard predictor-correctorstressupdate procedure[24, 18, 6, 23, to cite a few] we write
the incremental form of the constitutive equation follows

¾i ¡ ¾i ¡ 1 = D el(" i ¡ " i ¡ 1) ¡ D el(¸ i ¡ ¸ i ¡ 1)n i
g; (3.32)

Taking the time derivative of Eq. (3.32) yields

d¾ = D el d" ¡ d¸ D eln g ¡ ¢ ¸ D el dn g; (3.33)

with

dn g =
@n g

@¾
d¾: (3.34)
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Introducing Eq. (3.34) into Eq. (3.33) we get after somemanipulation

(D el)¡ 1 d¾ = d" ¡ d¸ n g ¡ ¢ ¸
@n g

@¾
d¾; (3.35)

·
(D el)¡ 1 + ¢ ¸

@n g

@¾

¸
d¾ = d" ¡ d¸ n g; (3.36)

d¾ =
·
(D el)¡ 1 + ¢ ¸

@n g

@¾

¸ ¡ 1

| {z }
D

( d" ¡ d¸ n g); (3.37)

D =
·
(D el)¡ 1 + ¢ ¸

@n g

@¾

¸ ¡ 1

: (3.38)

Writing the consistencycondition Eq. (3.16) in the rate form

dF =
³ @F

@¾

´ T

d¾¡ H d¸ = 0; (3.39)

provides

d¸ =
1
H

³ @F
@¾

´ T

| {z }
n T

d¾ =
n

T
d¾

H
; (3.40)

With the help of Eq. (3.40) Eq. (3.37) can be inverted to get

d" =

"

D ¡ 1 +
n

T
n g

H

#

d¾: (3.41)

Finally, applying the Sherman-Morrisonformula written in its generalform as

B = I + r N T ; (3.42)

B ¡ 1 = I ¡
r N T

1 + r T N
; (3.43)

to Eq. (3.41) results in the desiredalgorithmic tangent sti®nessmatrix

d¾ =

"

D ¡
Dn gn

T
D

H + n T Dn g

#

| {z }
D cons

d" ; (3.44)

Dcons = D ¡
Dn gn

T
D

H + n T Dn g
: (3.45)

Note that usingthe above form of the instantaneouselasto-plasticsti®nessmatrix (D cons)
insteadof D ep in the iterativ e solver maintains the theoretically proved quadratic conver-
genceof the Newton-Raphsonmethod.
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Figure 3.6: Von Misesfailure surface

3.4.4 Von Mises mo del

We begin our exposition to selectedconstitutive models with the Misesmodel primarily
due to its simplicity. In geotechnical applications this model often servesas a substitute
for the Trescamodel [19]. Recall that the Trescamodel is plotted as hexagonalcylinder
in the principal stressspace.The cornersof the Trescafailure surfaceimply singularities
in the yield function which have in the past causedhavoc when attempting to use the
yield function for obtaining analytical solutionsto simpleboundary valuesproblems. The
Mises failure surfaceon the other hand is smooth and plots as an in¯nite cylinder in
the principal stressspace. Its projections into the deviatoric and meridian planes are
displayed in Fig. 3.6. This ¯gure further justi¯es the useof the Mises failure surfacein
placeof the Trescamodel. It is alsoworth noting that in caseof Misesor Trescamodel the
onset of the yielding doesnot depend on the volumetric part of the stresstensor (mean
stress¾m ), seeFig. 3.6.

Yield surface

Two yield surfacesare examined with the von Mises model. Assuming the undrained
conditions the von Misesyield function can be written in terms undrained shearstrength
Su as

F (¾; · ) = J ¡
Su(· )

cosµ
; (3.46)

whereJ follows from Eq. (3.10). The vector of hardening parametersnow reducesto to
a single parameter · related to an equivalent shearstrain such that · = ° pl

eq. Seealso
Fig. 3.7 showing the bilinear form hardening law written in terms of shearstrength Su

and equivalent shearstrain ° eq speci¯ed by Eq. (3.14); µ is a given value of the Lode's
angle. In particular, setting µ = § 300 results in a yield surfacecircumscribed to the
Trescamodel, seeFig. 3.6.

Dependanceof the shearstrength on the hardening/softeningparameter· calls for the
derivation of the hardening/softening parameter H de¯ned by Eq. (3.22). To that end,
we start from the bilinear form of the stress-straincurve plotted in Fig 3.7. In a general
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Figure 3.7: Uniaxial hardening law in shear.

caseof three-dimensionalstate of stressit is acceptableto write an evolution of undrained
shearstrength Su in terms of equivalent plastic shearstrain ° pl

eq (recall Eq. (3.14) to set
° pl

eq = (2=3(" pl)
T
QPQ " pl))

1
2 ) as

Su(· ) = Su(° pl
eq) = S0

u + h1 ° pl
eq; (3.47)

whereh1
>
<

0 is a hardening/softeningparameter,respectively, and S0
u is the initial shear

strength. Using Eq. (3.22) together with Eqs. (3.46) and (3.47) readily provides

H = ¡
dF
dSu

dSu

d·
d·
d¸

; (3.48)

where

dF
@Su

= ¡
1

cosµ
; (3.49)

dSu

d·
=

dSu

d° pl
eq

= h1: (3.50)

Adopting strain hardening approach makespossibleto write an increment of hardening
parameter d· in terms of plastic multiplier d¸ as

d· = ´ d¸: (3.51)

Next, recall that d· = d° pl
eq, assumeassociated plasticity (F = G) and useEqs. (3.20)

and (3.5) to get

d" pl = d¸
@F
@¾

= d¸
1

2J
P¾; (3.52)

d· = d° pl
eq =

r
2
3

(" pl)T QPQ " pl =
1

p
3

d¸; (3.53)

d·
d¸

= ´ =
1

p
3

: (3.54)
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Figure 3.8: Hardening modulus dependson normal strength ¾y.

After substituting for ´ from Eq. (3.54) and using Eqs. (3.49) and (3.50) we ¯nally arrive
at the desiredform of the hardeningmodulus H written as

H = ¡ ´ h1

·
¡

1
p

3

¸
=

h1p
3cosµ

: (3.55)

Just for the sake of completenesswe now present morecommonform of the von Mises
yield criterion written in terms of the uniaxial tensile strength as

F = J ¡
¾y(· )
p

3
: (3.56)

where¾y is tensile yield strength. In analogywith Eq. (3.47) we assumeagain a bilinear
form of strain hardeningplasticity and write an evolution of the tensile yield strength as
function of a certain hardeningparameter · , seeFig 3.8, as

¾y(· ) = ¾y("pl
eq) = ¾0

u + h2 "pl
eq: (3.57)

wherewe set · = "pl
ep =

q
2
3(" pl)T Q" pl , h2 is hardeningparameter,¾0

u is the initial normal

strength and the equivalent plastic strain " pl
eq represents a uniaxial strain measure.With

the above de¯nition of yield function and hardeninglaw Eqs.(3.48)-(3.50)and (3.54) now
become

H = ¡
@F
@¾y

@¾y

@·
@·
@̧

; (3.58)

@F
@¾y

= ¡
1

p
3

; (3.59)

@¾y

@·
= h2; (3.60)

@·
@̧

= ´ =
1

p
3

: (3.61)
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Final substitution of Eqs. (3.59) - (3.61) into Eq. (3.58) gives the constant hardening
modulus H in the form

H = ¡ ´ h2

·
¡

1
p

3

¸
=

h2

3
: (3.62)

Tangent sti®ness matrix

To concludethis sectionwe present a closedform of the tangent sti®ness-matrixfor the
associated von Misesmodel given by Eq. (3.56). Assuming isotropic material and using
the relation

@F
@¾

=
1

2J
P¾: (3.63)

gives

³ @F
@¾

´ T

D el
³ @F

@¾

´
= ¹; (3.64)

D el
³ @F

@¾

´ ³ @F
@¾

´ T

D el =
D elP¾¾

T
PD el

4J 2
: (3.65)

where¹ in Eq. (3.64) is the shearmodulus. Finally, substituting the above relations into
Eq. (3.30) provides

D ep = D el ¡
D elP¾¾

T
PD el

4J 2(¹ + h2=3)
= D el ¡

4¹ 2P¾¾
T

J 2(¹ + h2=3)
: (3.66)

3.4.5 Druc ker-Prager mo del

If the results of laboratory tests are plotted in terms e®ective rather than total stressthe
failure criterion becomesdependent on the hydrostatic or meanstress.Such dependence
can be accounted for by using the Drucker-Pragerplasticity model.

Yield surface

The Drucker-Pragermodel can be thought of as an extensionof the von Misesmodel by
including the ¯rst invariant of the stresstensor(meanstress)into formulation of the yield
surface.The Drucker-Prageryield surfacethen plots asa cylindrical conein the principal
stressspace. Corresponding projections into deviatoric and meridian planes appear in
Figs 3.9 and 3.10. Following [19] the Drucker-Prager yield criterion then assumesthe
form

F (¾; · ) = J + (¾m ¡ c(· 1) cot ' (· 2))M (' (· 2))J P = 0; (3.67)

where J and ¾m are given by Eqs. (3.10) and (3.9), respectively. Recall that vector
· = (· 1; · 2)

T
storesthe hardening/softeningparameters.

As with the von Misesand Trescamodels the radius of the Drucker-Pragercircle in
the deviatoric plane can be de¯ned by matching the Drucker-Pragerand Mohr-Coulomb
models at a particular value of Lode's angle µ. This is illustrated in Fig 3.10 where the
irregular hexagonof the Mohr-Coulomb surfacesis comparedwith the circular shapeof the
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Figure 3.9: Projections of the yield function and plastic potential functions of Drucker-
Prager model into meridian plane.
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Figure 3.10: Drucker-Pragerand Mohr Coulomb yield surfacesin the deviatoric plane.
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Drucker-Pragersurfacein the deviatoric plane. Three alternative Drucker-Pragercircles
are shown. Assuming that both surfacesmatch at µ = ¡ 300 (triaxial compression)we
arrive at the Drucker-Pragercircle circumscribed to the Mohr-Coulomb function (green
circle). The corresponding value of M J P reads

M µ= ¡ 30±

J P =
2
p

3sin'
3 ¡ sin'

: (3.68)

If we desirethe Drucker-Pragercircle touches the Mohr-Coulomb hexagonat µ = +300

(triaxial extension- blue circle) we set the value of M J P to

M µ=+30 ±

J P =
2
p

3sin'
3 + sin'

: (3.69)

Finally, the inscribed circle is found, see[19] for more details, when setting

M ins
J P =

sin'

cosµins + sin µins sin 'p
3

: (3.70)

with

µins = arctan
sin'
p

3
: (3.71)

The model is completedby adopting a plastic potential function of the form

G = J + [¾m ¡ app] M P P
J P = 0; (3.72)

whereapp follows from Fig. 3.9 when matching F and G for the current value of stress¾.
This gives

app = ¡ ¾m + (¾c
m ¡ ccot ' )

M J P

M P P
J P

:

After substituting app into Eq. (3.19) the plastic potential can be written in the form

G = J +
·
¾m ¡ ¾c

m + (¾c
m ¡ ccot ' )

M J P

M P P
J P

¸
M P P

J P = 0; (3.73)

whereM P P
J P is the gradient of the plastic potential function in J ¡ ¾m space(seeFig 3.9).

If M P P
J P = M J P the yield and plastic potential functions are the sameand the model

becomesassociated. M P P
J P can be related to the angle of dilation Ã, by substituting Ã

for ' in Eqs. (3.68)-(3.70). As with the von Mises plasticity model we now proceed
with the derivation of the hardening/softening modulus H . To that end, consider the
bilinear form of the hardening/softening law for the cohesionc and the angleof internal
friction ' plotted in Fig. 3.11. In Fig. 3.11cin ; ' in and cr es; ' r es represent the initial and
residual valuesof c and ' , respectively. It is also evident from Fig. 3.11 that the vector
of hardening/softeningparameters· now becomes

· (· 1; · 2) = · ("pl
eq; ° pl

eq):
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Figure 3.11: Drucker-Pragerand Mohr Coulomb yield surfacesin the deviatoric plane.
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Referring to Fig. 3.11and using Eq. (3.22) the hardening/softeningmodulus H assumes
the form

H = ¡
@F
@c

dc
d· 1

d· 1

d¸
¡

@F
@'

d'
d· 2

d· 2

d¸
; (3.74)

where
@F
@'

=
c

sin2 '
M J P + (¾m ¡ ccot ' )

dM J P

d'
; (3.75)

dF
dc

= ¡ cot ' M J P ; (3.76)

dc
d· 1

=
dc

"pl
eq

= h1; (3.77)

d'
d· 2

=
d'

epl
eq

= h2: (3.78)

Derivativesof M J P with respect to ' for selectedvaluesof µ are

dM ins
J P

d'
=

3
p

3cos'

(3 + sin2 ' )
3
2

; (3.79)

dM µ= ¡ 30±

J P

d'
=

6
p

3cos'
(1 ¡ sin' )2

; (3.80)

dM µ=+30 ±

J P

d'
=

6
p

3cos'
(1 + sin' )2

: (3.81)

As in the previous sectionwe accept the strain hardening approach to write increments
of the hardeningparametersin the form

d· 1 = d" pl
eq = ´ 1d¸ =

r
2
3

(d" pl)T Qd" pl =

r
1
3

+
2
9

(M P P
J P )2 d¸; (3.82)

d· 2 = depl
eq = ´ 2d¸ =

r
2
3

(d" pl)T QPQ d" pl =
1

p
3

d¸; (3.83)

where

´ 1 =
d· 1

d¸
=

r
1
3

+
2
9

(M P P
J P )2; (3.84)

´ 2 =
d· 2

d¸
=

1
p

3
: (3.85)

The terms (d" pl)
T
QPQ d" pl and (d" pl)

T
Qd" pl are

(d" pl)
T
QPQ d" pl = (

1
2J

¾
T
P + m

T
M P P

J P ) QPQ (
1

2J
P¾ + M P P

J P m )

=
1

4J 2
¾

T
PQPQP ¾ +

1
2J

¾
T

PQPQ M P P
J P m

+ m
T
M P P

J P QPQ
1

2J
+ m

T
M P P

J P QPQ M P P
J P m

=
1

4J 2
¾

T
P¾ =

2J 2

4J 2
=

1
2

; (3.86)
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(d" pl)
T
Qd" pl = (

1
2J

¾
T
P + m

T
M P P

J P ) Q (
1

2J
P¾ + M P P

J P m ) =
1

4J 2
¾

T
PQP ¾

+
1

2J
¾

T
PQ M P P

J P m + m
T
M P P

J P Q
1

2J
P¾ + m

T
M P P

J P QM P P
J P m

=
1
2

+
1
3

(M P P
J P )2; (3.87)

where connections(3.5) were used to arrive at the ¯nal results. Finally, substitution
of Eqs. (3.75) - (3.85) back into Eq. (3.74) readily provides the searched form of the
hardening/softeningmodulus as

H = ´ 1h1 cot 'M J P ¡ ´ 2h2

·
c

sin2 '
M J P + (¾m ¡ ccot ' )

dM J P

d'

¸
: (3.88)

Tangent sti®ness matrix

The instantaneoustangent sti®nessmatrix follows from Eqs. (3.30) or (3.45). The partial
derivativesof the yield function and plastic potential function with respect to stresscan
be found using the chain rule

n =
@F
@¾

=
@F
@¾m

@¾m

@¾
+

@F
@J

@J
@¾

; (3.89)

n g =
@G
@¾

=
@G
@¾m

@¾m

@¾
+

@G
@J

@J
@¾

: (3.90)

Recall that vectorsn and n g represent normalsto the yield and plastic potential functions
in the stressspace,respectively. From Eq. (3.67) and (3.73) it is easyto show that

@F
@¾m

= M J P ;
@G
@¾m

= M P P
J P ;

@F
@J

=
@G
@J

= 1:

The valuesof @¾m=@¾ and @J=@¾ are model independent and are given by

@¾m

@¾
= m ; (3.91)

@J
@¾

=
@( 1

2¾
T
P¾)

1
2

@¾
=

1
2

P¾: (3.92)

With the above expressionswe ¯nally get

@F
@¾

=
1

2J
P¾+ M J P m ; (3.93)

@G
@¾

=
1

2J
P¾+ M P P

J P m : (3.94)

In addition, the secondderivative of n g neededto determine the algorithmic tangent
matrix Dcons is provided by

@n g

@¾
=

µ
3
2

¶ 1=2 ¾T P¾P ¡ P¾¾T P

(¾T P¾)3=2
: (3.95)
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Figure 3.12: Standardand modi¯ed Mohr Coulomb yield surfacesin the deviatoric plane.

3.4.6 Mo di¯ed Mohr-Coulom b mo del

As shown in the previoussectionthe Drucker-Pragermodel plots asa circle in the devia-
toric plane,thus it is invariant with respect to Lode'sangleµ. Although assumptionabout
smoothed yield surfacein the deviatoric planehasbeencon¯rmed experimentally, a shape
of the yield surfaceshows variation with respect to the third invariant. The well known
Mohr-Coulomb model is probably the most widely acceptedmodel that shows variation
with µ in the deviatoric plane. Recall that in the principal stressspacethe Mohr-Coulomb
model plots as a hexagonalcone. However, as evident from Fig. 3.10, it su®ersfrom the
samedrawback as the Trescamodel as it experiencescorners. To bring the modeling of
plastic behavior of soilscloserto conventional soil mechanicsand yet avoid cornersof the
yield and potential surfaceswe introduce a \Mo di¯ed" Mohr-Coulomb model having a
smoothed surfacewith a shape somewherebetweenthat of the hexagonsand circles.

Yield surface

The yield function is constructed in such a way that it allows the present yield surface
and the one that corresponds to the Mohr-Coulomb law to be matched at all cornersof
the yield surfacein the deviatoric plane. Several examplesare plotted in Fig. 3.12.
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Figure 3.13: Relationshipbetweenthe yield function and plastic potential in the modi¯ed
Mohr-Coulomb model.

The yield function that correspondsto smooth surfacesin Fig. 3.12is de¯ned asfollows

F = J + (¾m ¡ c(· 1) cot ' (· 2))g(bµ; ' (· 2)) = 0; (3.96)

wherea shape of the yield surfacein the deviatoric plane is described by

g(bµ; ' ) = (1 ¡ ±(' ))nM µ= ¡ 30±

J P [1 + ±(' ) sin(3bµ)]¡ n ; (3.97)

with
± =

³ A ¡ 1
A + 1

´ n
; A =

3 + sin'
3 ¡ sin'

: (3.98)

The value of bµ is related to Lode's angle,Eq. (3.11), in the form

bµ = ¡ µ =
1
3

sin¡ 1

"
3
p

3
2

I 3S

J 3

#

: (3.99)

Recall that quantities I 3s and J in Eq. (3.99) are found from Eqs. (3.12) and (3.10),
respectively. The plastic potential of the modi¯ed Mohr-Coulomb model is assumedthe
sameas for the Drucker-Pragermodel (seeFig. 3.13).

G = J +

"

¾m ¡ ¾c
m + (¾c

m ¡ ccot ' )
g(bµ; ' )
M P P

J P

#

M P P
J P = 0; (3.100)

with M P P
J P beinga constant. The searched hardeningmodulus can be obtained by replac-

ing constant M J P in Eq. (3.88) by function g(bµ; ' ). This gives

H = ´ 1h1 cot ' g(bµ; ' ) ¡ ´ 2h2

"
c

sin2 '
g(bµ; ' ) + (¾m ¡ c cot ' )

dg(bµ; ' )
d'

#

: (3.101)
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The last term that needsto be evaluated is dg(bµ)=d' . After somelengthy algebrait can
be expressedas follows

dg(bµ)
d'

= ¡
3 £ 21+ n

p
3cos'

£
1

1+ C

¤n

h
1 + sin 3¹µ(C¡ 1)

1+ C

i n £ (3.102)

£
[[sin' (C ¡ 1)] ¡ 3[sin' (C + 1)] + sin' [3 ¡ 3C + sin' (C + 1)]]

h
(¡ 3 + sin' )2(3 + sin' )

h
(C + 1) + sin3bµ(C ¡ 1)

ii ;

whereC = n

q
3+sin '
3¡ sin ' .

Tangent sti®ness matrix

The instantaneoustangent sti®nessmatrix canagainbe obtainedby Eqs.(3.30) or (3.45).
The required normals to the yield and potential surfacesnow become

n =
@F
@¾

=
@F
@¾m

@¾m

@¾
+

@F
@J

@J
@¾

+
@F

@bµ

@bµ
@¾

; (3.103)

n g =
@G
@¾

=
@G
@¾m

@¾m

@¾
+

@G
@J

@J
@¾

: (3.104)

Referring to Section3.4.5we immediately seethat

@F
@¾m

@¾m

@¾
=

@G
@¾m

@¾m

@¾
=

1
2J

P¾;
@F
@J

@J
@¾

= g(bµ)m ;
@G
@J

@J
@¾

= M P P
J P m :

To complete the formulation it remains to determine values of @F =@bµ and @bµ=@¾ in
Eq. (3.103). In doing so,we ¯rst di®erentiate the yield Eq. (3.96) with respect to bµ to get

@F

@bµ
= (¾m ¡ ccot ' ) (1 ¡ ±)nM µ= ¡ 300

J P (¡ n)
h
1 + ±sin(3bµ)

i ¡ (n+1)
(3±cos(3bµ)):

The term @bµ=@¾ is again model independent and it receivesthe form

@bµ
@¾

=
1

3cos(3bµ)

@sin(3bµ)
@¾

:

Next, using Eq. (3.99) we get after somealgebra

@sin(3bµ)
@¾

=
3
p

3
2

J 3(@I 3s=@¾) ¡ (3=2)J I 3sP¾
J 6

:

Assuming again the plane strain conditions the term @I 3s=@¾ attains, with the help of
Eq. (3.12), the following form

@I 3s

@¾
= bs =

8
>><

>>:

1
3 [¾2

12 + 2sysz ¡ sx (sy + sz)]
1
3 [¾2

12 + 2sxsz ¡ sy(sx + sz)]
¡ 2¾12sz

1
3 [¡ 2¾2

12 + 2sxsy ¡ sz(sx + sy)]

9
>>=

>>;
:
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Finally, employing the above expressionsallows the two vectors n ; n g in Eqs. (3.103) -
(3.104) to be written as

n =
1

2J
P¾+ g(bµ)m + (¾m ¡ ccot ' )

(1 ¡ ±)nM µ= ¡ 300

J Ph
1 + ±sin(3bµ)

i (n+1)
£

£ (¡ n)±
3
p

3
2J 6

·
J 3bs ¡

3
2

J I 3sP¾
¸

; (3.105)

n g =
1

2J
P¾+ M P P

J P m : (3.106)

3.5 In terface constitutiv e mo del

A proper modeling of soil{structure interaction requiresa suitable treatment of relative
movement of the structure with respect to the soil that usually occurs. In the framework of
continuum mechanics,the most appealingway of treating interfacesis the useof interface
elements discussedin Section 2.3.4. The formulation of interface elements presented
therein will be completedin this sectionby introducing an interfacematerial model that
can be usedto simulate contact betweentwo materials, e.g.,concretepile and soil.

In GEOmkp the interface material is basedon Mohr-Coulomb failure criterion with
tension cut o®,Fig. 3.14. An elastic { rigid plastic responseof the interface material in
shear is assumed. Such a behavior is schematically illustrated in Fig. 3.15(a) showing
a variation of the shearstressas a function of the relative tangential displacement. In
tension or compressiona purely elastic responseof the interface material is considered.
When the tensile stress¾exceedsa certain allowable strength limit Rt , the initial yield
surfacescollapsesto a residual surfacewhich corresponds to dry friction, seeFigs. 3.14
and 3.15(b).

3.5.1 Yield surface and stress up date pro cedure

The mathematical representation of the initial yield surfacedisplayed in Fig. 3.14is given
by

F = j¿j + ¾tan ' ¡ c; (3.107)

where ' and c are the angle of internal friction and cohesionof the interface material,
respectively. The direction of the plastic °ow dependson the shape of plastic potential
surface. Here, a nonassociated plastic °ow rule is assumedwith the plastic potential
function written as

G = j¿j + ¾tan Ã; (3.108)

where Ã is the angle of dilation. The angle of dilation controls the magnitude of the
irreversible (plastic) volume expansion. As stated in the previousparagraph, the plastic
responseis limited to shearonly which correspondsto the value of dilation angleÃ equal
to zero(volume preservingreturn mapping), seeFig. 3.14. Thus, setting Ã = 0 givesthe
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normals to the yield and potential surfaces,Eq. (3.31), in the form

n =
@F
@¾

=
½

¿=j¿j
tan '

¾
; n g =

@G
@¾

=
½

¿=j¿j
0

¾
; (3.109)

wherethe stressvector ¾ follows from Eq. (2.54)

¾ = f ¿; ¾gT :

The normal to the plastic potential function n g then provides the direction of the plastic
°ow governing the return mapping algorithm. This algorithm is schematically depicted
in Fig. 3.14. In particular, whensolving a plasticity problem the analysisis carried out in
several load increments. To that end, supposethat stressesat state i ¡ 1 are known and
we wish to proceedto a new stressstate i by applying a new load increment. This step
results into an increment of the vector of relative displacements ¢ [[u ]] = f ¢ [[u]] ; ¢ [[v]]gT .
The elastic \trial" stressesthen follows from

¿i
tr = ¿i ¡ 1 + K s¢ [[u]]i ; (3.110)

¾i
tr = ¾i ¡ 1 + K n¢ [[v]]i : (3.111)

The particular form of n g just con¯rms the elastic responsein normal direction so that

¾i = ¾i
tr ;

as evident from Fig. 3.14. The shearstressthen follows from the yield condition (3.107).
Note that during plastic °ow the stressesmust remain on the yield surface.Therefore

F i = j¿i j + ¾i tan ' ¡ c = 0: (3.112)

Next, multiplying both sidesof Eq. (3.112) by the ¯rst component of n g, noting that
¿i =j¿i j = ¿i

tr =j¿i
tr j and then solving for ¿i gives

¿i =
¡
¡ ¾i

tr tan ' + c
¢ ¿i

tr

j¿i
tr j

:

Thus, in the absenceof pore pressurethe stressesat the end of the i th load increment are
given by ½

¿
¾

¾i

= K n [[v]]i
½

0
1

¾
+

¡
¡ ¾i

tr tan ' + c
¢

½
¿i

tr =j¿i
tr j

0

¾
: (3.113)

3.5.2 Tangent sti®ness matrix

Following [24] the algorithmic tangent sti®nessmatrix Eq. (3.45) can be found from the
expression

Dcons =
@¾i

@[[u ]]i
: (3.114)



CHAPTER 3. CONSTITUTIVE MODELS 48

Referring to Eq. (3.113) it becomesevident that

@
µ

K n [[v]]i
½

0
1

¾¶
T

@
½

[[u]]i

[[v]]i

¾ = K n

·
0 0
0 1

¸
; (3.115)

@
µ

(¡ ¾i
tr tan ' + c)

½
¿i

tr =j¿i
tr j

0

¾¶
T

@
½

[[u]]i

[[v]]i

¾ =
·
a11 a12

0 0

¸
; (3.116)

where

a11 = (¡ ¾i
tr tan ' + c)

@
@¿i

tr

µ
¿i

tr

j¿i
tr j

¶
@¿i

tr

@[[u]]i

a12 =
@(¡ ¾i

tr tan ' + c)
@¾i

@¾i

@[[v]]i
¿i

tr

j¿i
tr j

:

After expandingindividual derivativesin the above expressionswe get

@
@¿i

tr

µ
¿i

tr

j¿i
tr j

¶
=

1
j¿i

tr j
¡

¿i
tr (@j¿i

tr j=¿i
tr )

j¿i
tr jj¿i

tr j
=

1
j¿i

tr j

µ
1 ¡

¿i
tr ¿i

tr

j¿i
tr jj¿i

tr j

¶
= 0;

@(¡ ¾i
tr tan ' + c)

@¾i
= ¡ tan ';

@¿i
tr

@[[u]]i
= K s;

@¾i

@[[v]]i
= K n :

Finally, introducing the above expressionsback into Eq. (3.116) and then adding to
Eq. (3.115) provides the desiredtangent sti®nessmatrix in the form

Dcons =
·
0 ¡ K n tan ' (¿i

tr =j¿i
tr j)

0 K n

¸
: (3.117)

It is interesting to note that the sameresult will be recovered if starting from Eq. (3.30)
and setting H = 0. In other words, there is no di®erencebetween the standard and
algorithmic tangent sti®nessmatrices for the selected°ow rule (Ã = 0).



Chapter 4

Solution strategies

The purposeof this section is to review the basic solution strategiesadopted in GMKP
for the solution of the nonlinear systemsof equations. Note that both the linear and
nonlinear systemsof equationsare solved employing standard direct solversbasedon the
Choleskydecomposition. Thus, usual skyline and double-skylinestorageare usedfor the
entries of the structural sti®nessmatrix in both symmetric and non-symmetricproblems,
respectively.

F R,

F.D l

KT1KT0

R 

u

F

=

uDuD 1 2

Df0

Df1
k

k k

k

k
= F - R

k k

k

Figure 4.1: Incremental procedure: reasonfor out-of balancedforces

As typical for the analysisof nonlinear problemsa standard step by step incremental
procedure(the total load canbe split into a set of increments) is adoptedin GMKP. Such
approach, consistent with the ¯nite element formulation given in Section2, results in the

49
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Figure 4.2: Elastic predictor { plastic corrector approach

following set of governing equations

K k
T i ¢ u k

i = ¢ f k
i ; (4.1)

whereK T i is the instantaneoustangent sti®nessmatrix, ¢ u i is the current increment of
the displacement ¯eld and ¢ f k

i is the current increment of the applied load. The scripts k
and i stand for the current loading increment and the current iteration step, respectively.
Schematic representation of this procedureis evident from Fig. 4.1, in which ¢ ¸ is the
coe±cient of proportionalit y and the term F ¡ R represents a vector of out-of-balanced
forces. It arisesas a direct consequenceof the nonlinear behavior. Here, the attention is
limited to standardplasticity only. The reasonfor the presenceof out-of-balancedforcesis
explainedin the next section. The Newton-Raphsonand the Arc length methods needed
in the solution of Eq. (4.1) are discussednext.

4.1 Stress return mapping: an algorithm for stan-
dard plasticit y

One of the most important steps in the nonlinear analysis is a correct evaluation of
the current stressstate. In the framework of incremental solution processthe standard
predictor-correctorprocedureis usually used. In such a case,the evaluation of the current
stress increment is split into two steps. The ¯rst step assumeselastic behavior of the
material. The resulting stress,however, may fall outsideof the current yield surface.Such
stressstate in unacceptableand must bebrought back to the yield surfaceasillustrated in
Fig. 4.2. This step generatesa new increment of the plastic strain and is usually termed
the plastic corrector.
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Figure 4.3: Stressreturn mapping algorithm

4.1.1 Cutting plane algorithm

To determinea newincrement of plastic strainsand the newcurrent stressstate, the return
mapping algorithm must be applied. A popular method of attack is an explicit algorithm
resulting from a Taylor expansionof the yield function around the current valuesof stress
and hardening parameters. This approach is called the tangent-cutting-plane algorithm
and the interested reader may consult [17, 18] for more details. The essential points of
this algorithm are reviewed below.

To proceed consider the kth load increment and the i th iteration step within this
increment. The goal is to satisfy the yield condition at the end of the i ¡ th iteration.
A one-dimensionalillustration of the return mapping algorithm appearsFig. 4.3. After
expandingthe yield surfaceat the end of the i th iteration step via Taylor seriesexpansion
we arrive at the estimate of F (¾k

i ; · k
i ) in the form

F (¾k
i;j +1 ; · k

i;j +1 ) = F (¾k
i;j ; · k

i;j ) +
@F
@¾

j¾k
i;j

¡
¢ ¾k

i;j +1 ¡ ¢ ¾k
i;j

¢

+
@F
@·

j· k
i;j

¡
¢ · k

i;j +1 ¡ ¢ · k
i;j

¢
= 0: (4.2)

To continue, recall Eqs. (3.20), (3.22), (3.24) and (3.31) to get

F (¾j ; · j ) + n j
T D el

2

4¢ " j +1 ¡ ¢ " j| {z }
=0

¡ (¢ ¸ j +1 ¡ ¢ ¸ j ) n g;j

3

5

¡ H j (¢ ¸ j +1 ¡ ¢ ¸ j ) = 0: (4.3)
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Note that scripts k; i wereomitted for brevity. Eq. (4.3) now readily providesan estimate
of the current increment of the plastic multiplier ¢ ¸ i in the form

¢ ¸ j +1 = ¢ ¸ j +
F (¾j ; · j )

n j
T D eln g;j + H j

: (4.4)

It remains to mention the subscript j that implies an iteration within a single return
mapping step. This is attributed to the fact that the hardening/softening parameters
· and thereforealso the hardening/softening modulus H may in generaldepend on the
current state of stresswhich is not known a priory. Note, however, that if the modulus
H remainsconstant during the return mapping then the algorithm convergesin a single
step. The entire algorithm is summarizedin Table 4.1.1.

Table 4.1: An algorithm for standard plasticity (k th load increment, i th equilibrium iter-
ation)

1 For each integration point compute:

2 ¾tr ial = ¾i ¡ 1 + D el¢ " i (trial stress)

3 if F (¾tr ial ; · 0) ¸ 0

4 then plastic state: set j = 0; ¢ ¸ 0 = 0; ¾0 = ¾tr ial

do f ¢ ¸ j +1 = ¢ ¸ j +
F (¾j ; · j )

n j
T D eln g;j + H j

¾j +1 = ¾tr ial ¡ ¢ ¸ j +1 D eln g;j

· j +1 = · 0 + ´ ¢ ¸ j +1

j = j + 1

g while F (¾j ; · j ) ¸ "

¢ ¸ k
i = ¢ ¸ j ; ¾k

i = ¾j

5 elseelastic state: ¾k
i = ¾tr ial
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Figure 4.4: Standard full Newton-Raphsonmethod

4.2 Newton{Raphson metho d

The Newton-Raphsonmethod is the most frequently usedmethod for the solution of non-
linear ¯nite element equations.The standard full Newton-Raphsonmethod, the modi¯ed
Newton-Raphsonmethod and the initial stressmethod are implemented in GMKP.

4.2.1 Standard Newton{Raphson metho d

As intimated in the introductory part of this chapter the basicequationsto be solved in
nonlinear analysisare

F k ¡ R k = 0; (4.5)

whereF k is the vector of externally applied nodal forcesat the end of k ¡ th loading step
and R k is the vector of nodal forcesfound from the element stressessuch that

R k = ANe
e=1

Z

Ve

B¾k
e dV: (4.6)

Fig. 4.1 suggeststhat Eq. (4.5) might not in generalbe ful¯lled at every step of the
solution process,sincethe nodal forcesR k dependnonlinearly on the nodal displacements.
Therefore,an iteration is requiredwithin a given load increment. The iterativ e procedure
as shown in Fig. 4.4 arisesfrom the consistent linearization of the nonlinear responseof
the ¯nite element equationsat iteration i ¡ 1. The consistently linearizedtangent sti®ness
matrix is thereforeformedat the beginningof every iteration step. The resulting iterativ e
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schemereads

¢ f i ¡ 1 = F k ¡ R k
i ¡ 1; (4.7)

K k
Ti ¡ 1

¢ u i = ¢ f i ¡ 1; (4.8)

u k
i = u k

i ¡ 1 + ¢ u i ; (4.9)

u k
0 = u k¡ 1; R k

0 = R k¡ 1 =) ¢ f 0 = F k ¡ F k¡ 1 + ¢ f k¡ 1
" : (4.10)

Vector ¢ f k¡ 1
" represents the out-of-balanceforcesfound at the endof the previousloading

that are linked to the selectedsolution accuracy".

4.2.2 Mo di¯ed Newton{Raphson metho d

Recall that the full Newton-Raphsonrequiresan assembly and factorization of the tan-
gential sti®nessmatrix K T for each iteration, which might prove to be rather demanding
in terms of computer time. The basicidea of the modi¯ed Newton-Raphsonmethod is to
reducethis e®ort such that a new tangent sti®nessmatrix is formed at the beginning of
the current load stepand then is kept constant for all subsequent iteration steps. Eq. (4.8)
then receivesthe form

K k
T0

¢ u i = ¢ f i ¡ 1: (4.11)

The algorithm is summarized in Fig. 4.5. As evident from this ¯gure the pay-o® in
reducing the computational cost per iteration, however, may be spoiled by an excessive
increasein the number of iterations.

F R,

F.D l

u0 u2u1

uD
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u - displacement

l - D size of the
load step

KT0

KT0

R - 

D

iteration of
equilibrium

internal
forces

forces
surcharge

= F - R
imbalancef - 

Figure 4.5: Modi¯ed Newton-Raphsonmethod
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4.2.3 Initial stress metho d

To further reducethe computational cost one may usethe initial elastic sti®nessmatrix
K el throughout the entire iterativ eprocess.Thusit is necessaryto assembly and eliminate
the sti®nessmatrix only one. Eq. (4.8) then becomes

K el¢ u i = ¢ f i ¡ 1: (4.12)

The algorithm is summarizedin Fig. 4.6. Note a very slow convergenceof the iterativ e
processcomparedto the full Newton-Raphson.

F R,

F.D l

uD

u0 u1 u2 u - displacement

l - D size of the 
load step F - load

Kel

D

R - 
equilibrium

internal
forces

forces= F - R

iteration of

surcharge

imbalancef - 

Figure 4.6: Initial stressmethod

4.2.4 Optimal step-length (line search)

The principal idea behind the line search method is to ¯nd a scaling factor ´ of the
current increment of the displacement ¯eld ¢ u k

i such that the stationarity of the total
energy functional is preserved at the end of each iteration step. Suppose that a new
displacement u k

i at the end of the iteration step i is expressedas

u k
i = u k

i ¡ 1 + ´ ¢ u i : (4.13)

Recall Eq. (4.9) in which ´ is assumedto be equal to one. Next, introducing Eq. (4.13)
into stationary condition of the total potential energyat the end of the i ¡ th step gives

±¦( u k
i (´ )) = ±¦( u k

i ¡ 1 + ´ ¢ u i ) =
@¦( u k

i (´ ))
@u k

i (´ )
@u k

i

@́
±́ = 0: (4.14)
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Figure 4.7: Line search method

Since

@¦( u k
i (´ ))

@u k
i (´ )

= ¢ f i (´ ); (4.15)

@u k
i

@́
= ¢ u i ; (4.16)

we get
±¦( u k

i (´ )) = ¢ f i (´ )¢ u i ±́ = 0: (4.17)

Thus the stationary condition (4.14) corresponds to the condition of zero work of out-
of-balanceforceson the displacement increment ¢ u i . Eq. (4.17) does not need to be
solved exactly. An estimateof the scalingparameter´ can be found from a simple linear
interpolation as displayed in Fig. 4.7. Referring to Fig. 4.7 the ¯rst estimate of ´ is
provided by

´ 1 =
¡ s(0)

s(1) ¡ s(0)
: (4.18)

A recursive application of Eq. (4.18) then leadsto a moreaccuratevalueof ´ , seeFig. 4.7,

´ i +1 = ´ i
¡ s(0)

s(i ) ¡ s(0)
: (4.19)

Iteration in Eq. (4.19) is usually terminated when the ratio

jsi +1 j
js0j

< 0:8;

is reached. Clearly, the line search method can either damp (´ < 1) or accelerate(´ > 1)
the speedof analysis. The latter option, however, is not recommended.Details can be
found in [8].
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4.2.5 Convergence criteria

An additional ingredient of the successfulimplementation of iterativ emethodsarerealistic
convergencecriteria to terminate the iterativ e process.In particular, at the end of each
iteration step, it shouldbecheckedwhetherEq. (4.5) is satis¯ed within presetconvergence
criteria. The following criteria are implemented in GMKP:

s
¢ u i

T ¢ u i
P i

j =1 ¢ u j
T ¢ u j

· "d; (4.20)

s
¢ f i

T ¢ f i

¢ f 0
T ¢ f 0

· " f ; (4.21)

s
¢ u i

T ¢ f i ¡ 1

j
P i

j =1 ¢ u j
T ¢ f 0j

· "e; (4.22)

where "d; " f ; "e are preset displacement, out-of-balance forces and energy convergence
tolerance,respectively. The ¯rst criterion naturally requiresthe displacement at the end
of iteration to be found within a certain tolerance,while the secondcriterion is a measure
of the state of equilibrium at the end of iteration given in terms of out-of-balanceforces.
The precisioncan also be measuredby the work of out-of-balanceforceson the current
displacement increment as suggestedby the third criterion. This is a rather appealing
criterion asit is written in termsof both the displacements and forces.Similar convergence
criteria are proposedin [2].

Note that the selectionof valuesfor individual tolerancesmay becrucial for the success
of computation. Setting thesetolerancestoo large valuesmay lead to inaccurateresults,
while selecting rather small values may result in time consuming iterativ e processin
search for unnecessaryaccuracy. Also note that there is no guarantee that the process
will convergeeither due to the excessive number of iterations or due to the divergence.
Therefore,an appropriate divergencecheck to terminate the iterativ e processand restart
option should be built into the solver, so that it is possibleto repeat a failed increment
with a shorter step. This is also the solution strategy in GMKP.

In particular, the solution is start with somepreset increment of the applied load. If
the solution divergesor fails to convergefor a given number of step iterations, the load
increment is reduced and the solution is restarted from the last converged step. The
divergencein GMKP is checked against the out-of-balanceforces. If the norm out-of-
balance forcesEq. (4.21) increasesin two successive iterations, the iterativ e processis
thought to diverge,the iteration is terminated and the solution is restarted. Similarly, if
the number of iterations neededfor the convergenceis lessthen a certain present number,
the load increment can be increasedto acceleratethe solution process. This option,
however, should be usedwith caution.
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4.2.6 Additional remarks

Sincethe Newton-Raphsonmethod and the closelyrelatedtechniquesdiscussedpreviously
are widely used,we concludethis sectionwith several useful remarksto shedthe light on
the applicability and useof thesemethods. Further details can be found in [2, 4].

² The advantageof thesemethodsis their applicability in the solution of time-dependent
problemssuch asconsolidationand in the problemswherenon-proportional loading
is to be applied.

² Figs. 4.4{4.6 illustrate an iterativ e processfor a singledegreeof freedomthat shows
rather good convergencecharacteristics. For morecomplicatedproblemswith many
degreesof freedomthe convergenceof the iterativ e procedure is not generally as-
sured. The major properties of the full Newton-Raphsonmethod, seee.g. [2] for
more details, suggestthat if the current iterativ e displacement is closeto the \ex-
act" oneand if the current tangent sti®nessmatrix consistent with the stressupdate
procedureis nonsingularand with no abrupt changes,onemay expect quadratic con-
vergence.This property, however, is lost with two other techniques. Thus the use
of full Newton-Raphsonmethod is strongly recommended.

² Generally, the choiceof the method dependson the degreeof nonlinearity. When the
nonlinear responseincreasesthe method that allows frequent sti®nessupdate such
as the full Newton-Raphsonmethod should be used. Even if the problem shows
a monotonic convergencethe simpli¯ed methods, e.g., initial stressmethod may
fail due to excessive number of iterations neededfor convergence.This conclusion,
however, is not universal as there exist problems for which the modi¯ed Newton-
Raphsonor initial stressmethod work well. If this is the casethen the simpli¯ed
methods becomeparticularly attractiv e as they lead to substantial reduction of
the computational cost (recall fewer or nonesti®nessupdates involved in modi¯ed
Newton-Raphsonor initial stressmethod, respectively)

Someof the remarksdiscussedabove will be now illustrated on several examples.As
the ¯rst examplewe considera simple problem of uniform strip loading applied to the
°at ground. Geometry, loading and boundary conditions are evident from Fig. 4.8(a).
Material parametersof the selectedsoil are listed in Table 3.44. The Drucker-Prager
plasticity modelwasselectedto represent the soil behavior. The resultsappearin Figs.4.9.
Fig. 4.9(a) shows deformation pattern and spreadof plastic deformation given in terms
of equivalent plastic strain obtained with the full Newton-Raphsonmethod. The blue
color represents a regionwith the highestplastic strain, whereasthe dark red color marks
the elastic region. The results displayed in Fig. 4.9(b) were found with the initial stress
method. The deformation pattern and the distribution of the equivalent plastic strain
correspond to 87.5%of the total applied load. This is the result of the lack of convergence
due to excessive number of iterations required. The total applied load was not reached
evenwhensubstantially reducingthe load increment. On the contrary, no di±culties were
encountered when employing the full Newton-Raphsonmethod.
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Table 4.2: Material properties of selectedsoil

E [MPa] º c [MPa] ' [0] Ã [0] ° [kN/m 3]
strip loading 25 0.35 10 25 0 20
excavation 25 0.3 10 20 0 20

Table 4.3: Per cent of the total applied load reached

Lack of convergence Newton-Raphsonmethod initial stressmethod

¯ne mesh- 3rd level of excavation 87.5% 81.5%

coarsemesh- 4th level of excavation 56.25% 25%

Similar conclusionscan be drawn from the secondexampledevoted to the excavation
problem. SeeFig. 4.8(b) for the respective geometry and assumedexcavation steps.
Figs. 4.10 display the results derived with relatively ¯ne mesh (averagesize of element
equal app. to 1m was selected).As in the previousexamplethe in°uence of the number
of sti®nessupdates on the ¯nite element responsewas examined. The results provided
by the full Newton-Raphsonmethod appear in Fig. 4.10(a). Fig. 4.10(c) then shows
the respective results found employing the initial stressmethod. Despite the method
selection,however, it is evident from Figs. 4.10 that the lossof stabilit y occurred in the
3rd stage of excavation. The deformation pattern and the spreadof equivalent plastic
strain correspond to the per cent of the total applied load (amount of excavated soil)
reached in the third stage of excavation, seeTable 4.3. The resulting slip surface in
Fig. 4.10(a) manifestedby the localizedplastic deformation is clearly visible. As in the
previousexample,the initial stressmethod wasnot able to reach the samelevel of load at
convergenceasthe full Newton-Raphsonmethod primarily dueto the excessive number of
iterations needed.Neither method, however, provides a reliable estimate of the collapse
load. Such a problem can be well treated only with the help of the Arc-length method
discussedin the next section.

The last exampleis concernedwith the e®ectof the ¯nite element meshre¯nement on
the prediction of material response. In doing so the relative element sizewas increased
up to two meters. The corresponding material responseis shown in Figs. 4.11. Note that
larger elements force the plastic region to spreadover a larger area of the ¯nite element
mesh. As a consequencethe point of instabilit y wasmoved to the 4th stageof excavation.
Thus, in this particular case,an increaseof the element size largely overestimatesthe
value of the collapseload. Proper selectionof the ¯nite element meshis thereforea very
important task and plays a key role in successfuland reliable modeling of the material or
structural response.



CHAPTER 4. SOLUTION STRATEGIES 60

15
m

30m

4m

20 kN/m=g

300 kN/m

3

2

(a)

15
m

30m

2m

4
3
2
1

stage of excavation

20 kN/m=g 3

(b)

Figure 4.8: Problem setup: a) uniform strip loading, b) excavation
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(a)

(b)

Figure 4.9: Strip loading: a) full Newton-Raphsonmethod, b) initial stressmethod



CHAPTER 4. SOLUTION STRATEGIES 62

(a)

(b)

Figure 4.10: Excavation with ¯ne mesh: a) full Newton-Raphsonmethod, b) initial stress
method
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(a)

(b)

Figure 4.11: Excavation with coarsemesh: a) full Newton-Raphsonmethod, b) initial
stressmethod
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4.3 Arc-length metho d

In situations wherewe seekfor the unknown collapseload, e.g.,stabilit y analysisof earth
slopes, the Newton-Raphsonmethod introduced in the previous sectionsmay experi-
encerather poor behavior. This can be attributed to the fact that the solutions by the
Newton-Raphsonmethod and closely related techniquesare driven by load increments.
The di±cult y that arisesaround the collapsepoint can be overcomewhen driving the
solution by displacement increments. This is the essential ingredient of the arc-length
method discussedhereafter. In particular, the method ¯xes both the loading and dis-
placement at the end of the current load increment by introducing a scalar multiplier
that controls the magnitudeof the applied load. The load multiplier now becomesan ad-
ditional unknown and calls for introduction of additional equation for its determination.
There exist several constraint equationsin the literature employed for evaluation of ¸ . In
what follows the constraint equationsthat arise from so called spherical (Cris¯eld) and
linearizedarc-length methods will be reviewed as they are implemented in GMKP.

4.3.1 Spherical ALM (Cris¯eld)
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Figure 4.12: Arc length method with sti®nessupdate after each iteration
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The basicidea behind the arc-lengthmethod is best understood from Fig. 4.12. A funda-
mental assumptionof the method is that the load vector variesproportionally during the
analysis. To that end, supposethat the solution processis split into several construction
stagesand denote the external load applied up to the beginning of current construction
stages as s¡ 1F . The total load F = sF = s¡ 1F + F represent a certain \reference" or
expected load vector at the end of the current load stages and F is the corresponding
referenceload increment applied at the beginning of the s-stage. The goal now becomes
to determine a fraction ¸ of the applied load F such that the vector of out-of-balanced
forces¢ f = g convergesto zero in someappropriate norm measure,Section 4.2.5, at
the end of the current construction stage,Fig. 4.12. Individual vectors and parameters
introducedin Fig. 4.12are:

² F { total load applied in a given solution stage.

² sF = s¡ 1F + F { total load expectedat the end of a given solution stage.

² s¡ 1F { load applied up to stage(s ¡ 1).

² ¸ star t { fraction of F at the beginningof a new load increment.

² ¸ k
i = ¸ k

star t + ¢ ¸ k
i { fraction of F at the end of the i th iteration within the kth load

increment.

² R star t = ¸ k
star tF + s¡ 1F { internal forcesat the beginningof a new load increment.

² gi { out-of-balancedforcesat the end of the i th iteration.

² bgi = gi ¡ 1 + ±̧ i F { load increment in the i th iteration.

The starting point of the method is an incremental expressionof a di®erential of the
arc-length that provides the additional constraint equation is given by

´ 2¢ u i
T ¢ u i + ¯ 2¢ ¸ 2

i F T F = ¢ L 2; (4.23)

where

² ¢ L { represents a radius of a sphericalhyper-surfacein (u ; ¸ ) (standard arc-length
method as introduced by Cris¯eld in [8]; when setting ¯ = 0 =) ¢ L becomes
a radius of a cylinder (Cylindrical ALM)). This parameter is an a priory set step
length and servesto evaluate a corresponding fraction of the current load increment
¢ ¸ . Note that the selectionof this parameteris essential for the successof solution.

² ¯ { is a scalar parameter describing the ratio of selectedscalesfor ¸ and u . The
default setting in GMKP is ¯ = 0. When ¯ - optimize option is chosenthen ¯ is
set to the Bergancurrent sti®nessparameter introducedlater in this section.

² ´ { is a scalar parameter which comesfrom the line search method, recall Sec-
tion 4.2.4.
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With the help of Eq. (4.23) the graphical representation of iteration processdisplayed
in Fig. 4.12 can be put forward in mathematical terms as follows. Supposeyou wish to
determine±u i ; i = 1; 2; : : : n, in the kth load increment. Referring to Fig. 4.12we have

±u i = K ¡ 1
T (u i ¡ 1)

¡
gi ¡ 1 + ±̧ i F

¢
; (4.24)

z }| {
s¡ 1F + ¸ i ¡ 1F mech| {z }

¡ R i ¡ 1

mechanical part of the total applied load

= K ¡ 1
T (u i ¡ 1)gi ¡ 1| {z }

±w i

+ ±̧ i K ¡ 1
T (u i ¡ 1)F

| {z }
±v i

; (4.25)

±u i = ±w i + ±̧ i ±v i =) ¢ u i = ¢ u i ¡ 1 + ±u i : (4.26)

Next, set
¢ ¸ i = ¢ ¸ i ¡ 1 + ±̧ i ; (4.27)

and introduceEq. (3.27) into Eq. (4.23) to get

L2 = ´ 2 f ¢ u i ¡ 1 + ±w i + ±̧ i ±v i gT f ¢ u i ¡ 1 + ±w i + ±̧ i ±v i g

+ ¯ 2 f ¢ ¸ i ¡ 1F + ±i F gT f ¢ ¸ i ¡ 1F + ±i F g: (4.28)

Rearrangingthe above equation to collect the terms ±̧ i with the samepower gives

a2±̧ 2
i + a1±̧ i + a0 = 0; (4.29)

where

a2 = ´ 2±v i
T ±v i + ¯ 2F T F (4.30)

a1 = ´ 2
¡
f ¢ u i ¡ 1 + ±w i gT ±v i + ±v i

T f ¢ u i ¡ 1 + ±w i g
¢

| {z }
2±v i

T f ¢ u i ¡ 1 + ±w i g

±̧ i + 2¢ ¸ i ¡ 1¯ 2F T F (4.31)

a0 = ´ 2 f ¢ u i ¡ 1 + ±w i gT f ¢ u i ¡ 1 + ±w i g + ¢ ¸ 2
i ¡ 1¯ 2F T F ¡ L 2: (4.32)

Two casesare possiblewhen solving Eq. (4.29) for unknown ±̧ i .

² Both roots ±̧ 1; ±̧ 2 are real, or

² both roots ±̧ 1; ±̧ 2 are imaginary, see[4].

When the latter possibility occurs,the computation must be restartedwith a shorter step
¢ L. As for the real roots it is necessaryto choosewhich one to use. In GMKP the one
which maximizesthe angle# found from

cos# =
¢ u T

i ¡ 1¢ u i

¢ L
(4.33)

is used. A completealgorithm requiresto determinea starting value of ¢ L 0. In GMKP,
the magnitudeof ¢ L 0 canbeeither prescribedmanually, or dependingon the prior history
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of iterations the value of ¢ L found at the end of stages¡ 1 can be usedasa initial value
of arc-length step in the s-stageor it can be estimated from a prescribed load increment
¢ ¸ 0. The latter procedureis presented next. To begin set

±̧ 0 = 0 ±w 0 = 0;

and write
±u 0 = ¢ u 0 = ¢ ¸ 0K ¡ 1

T (u star t )F : (4.34)

From Eq. (4.29) it follows that

a0 = a1 = 0

a2 = ´ 2¢ u 0
T ¢ u 0 + ¢ ¸ 2

0¯ 2F T F ¡ ¢ L 2
0 = 0:

z }| {
¢ ¸ 0±v1z }| {
K ¡ 1

T (u star t )F

Finally, solving for ¢ L 0 from Eq. (4.29) we get

¢ L 0 = ¢ ¸ 0

p
´ 2±v1

T ±v1 + ¢ ¯ 2F T F : (4.35)

The subsequent magnitude of ¢ L depends on the history of iteration and may either
increasedor be reducedif convergencedi±culties are encountered. This strategy is also
adopted in GMKP.

Some¯nal remarks should be made regarding the choice of the structural sti®ness
matrix. In analogy with the Newton-Raphsonmethod the matrix K can be updated
either at every iteration (full Newton-Raphsonmethod) or at the beginning of a new
load increment (modi¯ed Newton-Raphsonmethod) or can be ¯xed throughout all load
increments in a given stageof construction (initial stressmethod). CompareFigs. 4.12-
4.14.

4.3.2 Linearized ALM

A simpli¯ed version of the arc-length method was proposedby Ramm, [21]. It assumes
that the iterativ echangeof (±u i ; ±̧ i ) is perpendicularto the secant vector (¢ u i ¡ 1; ¢ ¸ i ¡ 1).
The linearizedstep-lengthconstraint ±̧ then follows from the formula

±̧ i = ¡
´ ¢ u

T

i ¡ 1±w i

´ ¢ u T

i ¡ 1±v i + ¢ ¸ i ¡ 1¯ 2F T F
: (4.36)

Note that the di±cult y with the selectionof the root from Eq. (4.29) is avoided. The
method, however, though more simple than the Cris¯eld method is not as robust as the
full ALM.
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4.3.3 Automatic step-length control

An automatic procedurethat adaptively controls the value of the step-lengthdepending
on the history of iterations canalsobe very valuableand in favor of the successof compu-
tation. The literature o®ersseveral formulae to self-adaptively adjust the value of ¢ L for
every new load increment. In GMKP the formula advocated by Ramm is implemented.
It receivesthe form

¢ L k = ¢ L k¡ 1

s
bI k
n

I k¡ 1
n

; (4.37)

whereI k¡ 1
n is the number of iterations neededfor convergencein the k ¡ 1 load step,while

bI k
n represents the number of iterations required in the k th load increment. Although this

formula proved to be quite usefulin many problemsdevoted to the analysisof the collapse
responseof structures it is not universal and may fail in somesituations. Inexperienced
usershould usethis option with caution.

Accelerationor damping of the iteration processcanbe further controlled through the
Bergancurrent sti®nessparameter [3, 4] given by

C =
Sk¡ 1

Sk¡ 2
; (4.38)

where, e.g., Sk¡ 1 provides a scalar measureof the structure sti®nessat the end of the
k ¡ 1 load step and is provided by

Sk¡ 1 =
¢ ¸ k¡ 1F T ¢ u k¡ 1

(¢ u k¡ 1)T ¢ u k¡ 1
: (4.39)

The value of C can be then used to adaptively adjust the parameter ¯ for a new load
increment such that

¯ k = C¯ k¡ 1: (4.40)

Recall that parameter ¯ is a scaling factor representing a ration of selectedscalesfor
¸ and u . The larger the ¯ the larger the importance of the loading space. If ¯ is
set su±ciently large the solution processis essential driven by the load control. Such
a choice is justi¯able in the initial stage of solution. When the degreeof nonlinearity
increasesor the collapseload is approached, this parametershould be e®ectively reduced
as suggestedby Eq. (4.40). Setting ¯ = 0 (cylindrical ALM) forcesthe solution to be
driven predominately by the displacement control. For inexperienceduser, this option is
recommended.

4.3.4 Additional remarks

As for the Newton-Raphsonmethod there are certain drawbacks as well as advantages
when using the arc-length method. Thosepertinent to geotechnical engineeringare dis-
cussednext.
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Drawbacks: recall that the application of arc-length method requiresthe load to change
proportionally. This meansthat a load increment or a portion of the total applied load
can be written as

¢ F = ¢ ¸ F

F i = ¸ i F :

Although in static problems such requirement does not usually causeany trouble, it
becomesa severe limitation in the time dependent problems such as consolidation. In
particular, this method becomesinappropriate when assigningdi®erent time histories to
various loadswithin a singleconstruction stage. Such a task can be satisfactorily solved
only with the Newton-Raphsonmethod.

Advantages: the arc-length method is particularly useful in problems that involve the
search for collapseloading such stabilit y problems. Note in stabilit y problems the load
leadsto lossof stabilit y is not known a priory. Figs. 4.15show the application of the arc-
length method to the excavation problem introducedin Section4.2.6. As in the previous
example,Fig. 4.15(a)displays results found with a relatively ¯ne mesh,while Fig. 4.15(b)
showsthe sameresultsobtainedwith rather coarsemesh. In both examples,the cylindrical
ALM, (¯ = 0), combine with full NRM, seeFig. 4.12, was used. Comparisonwith the
full Newton-Raphsonmethod in terms of the per cent of the total applied load reached
at failure appears in Table 4.4. Evidently, both the NRM and the ALM detected the
samecollapseload when employing the ¯ne mesh. However, when using the coarsemesh
the NRM over-predicts by large the load at failure. Nevertheless,this result is rather
surprising as one would expect the NRM to fail due to convergenceproblems before
reaching the collapseload predicted by the ALM. Here we present theseresults mainly
to highlight problemsencountered in the numerical analysisof structures loadedcloseto
collapseor limit loads.

Table 4.4: Per cent of the total applied load reached

Lack of convergence NRM - FM ALM - FM NRM - CM ALM - CM

3rd level of excavation 87.5% 87.7% 98.1%

4th level of excavation 56.25%

FM - ¯ne mesh
CM - coarsemesh
NRM - full Newton-Raphsonmethod
ALM - cylindrical ALM with full NRM for the sti®nessupdate
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(a)

(b)

Figure 4.15: Excavation with cylindrical ALM combined with full NRM: a) ¯ne mesh,b)
coarsemesh



Chapter 5

Miscellaneous topics

Severalmiscellaneoustopics that may contribute to the clarity of the programperformance
are discussedin this section. In particular, we addressthe problem of stabilit y of earth
slopes,generationof initial geostaticstresses,and implementation of unloading-reloading
procedure. This is an open sectionand might be further modi¯ed.

5.1 Stabilit y analysis of earth slop es

Several examplesdevoted to the stabilit y analysisof earth slopes are presented here to
promote the applicability of relatively simple plasticity modelsdiscussedin Section3.4.

The stabilit y analysisimplemented in GMKP draws on the assumptionthat the forces
generatedby the selfweight represent the only sourceof loadingand areapplied in a single
increment to an initially stress-freeslope. It hasbeenarguedin [14] that, in comparison
with limit equilibrium solutionswhich in generaldo not account for loading sequence,the
predictedfactor of safety derived from simpleplasticity models(Drucker-Prager,modi¯ed
Mohr-Coulomb) is insensitive to the form of gravit y application, thus justifying the useof
gravit y turn-on procedure.To arriveat the desiredvalueof the Factor of Safety (F OS) we
follow the method called the shear strengthreduction technique. With this procedurethe
F OS of a slope is de¯ned asthe factor by which the original shearstrength parametersc;'
must be reducedto achieve the slope instabilit y. This de¯nition of the F OS is therefore
identical to that of simple limit equilibrium methods in that, that it is de¯ned as the
ratio of restoring and driving moments (see[14] for additional discussion).It follows from
above that the value of F OS is computed,e.g.,as

F OS =
tan ' r eal

tan ' f ail ur e
: (5.1)

To check the in°uence of individual parameterson the slope stabilit y onemay chooseto
either oneof the two parametersor both parameters. If the latter option is selectedthen
both c and Á parametersarescaledwith the samescalingfactor. The analysisproceedsin
such a way that if the solution convergesfor given magnitudesof soil parametersc;' then

72



CHAPTER 5. MISCELLANEOUS TOPICS 73

G15
m

50m

20m

10m

5m

Figure 5.1: Loading and boundary conditions for stabilit y analysis.

the parametersare reducedand the solution is restarted with new valuesof c;' given by

ci = scale ci ¡ 1;

' i = scale ' i ¡ 1; scale < 1 (e:g: 0:9):

This procedure is successively repeated until instabilit y, manifestedby no convergence,
occurs.

Several exampleproblemsarediscussedto illustrate the method performance.Loading
and boundary conditions commonto all problemsare plotted in Fig. 5.1. In all cases,the
analysisassumeselastic-perfectly plastic behavior of a soil sothat no hardening/softening
in involved. The material parametersare listed in Table5.1. The non-associated Drucker-
Prager model with the parameterM J P evaluated at µ = 300 and dilation angleÃ = 00 is
usedto derive the searched F OS.

Table 5.1: Material properties of selectedsoil

E [MPa] º c [MPa] ' [0] Ã [0] ° [kN/m 3]
25 0.3 10 20 0 20

As a ¯rst examplewe assumeda simple slope geometrydisplayed in Fig. 5.1. In this
particular case,no convergencestopping criterion wasactivated when the F OS exceeded
the value of 1.44 which agreeswell with the result provided by the Sarmamethod. The
corresponding deformedmeshappearsin Fig. 5.2. Such a graphical representation which
allows better understandingof the failure mechanismsis a further advantage of using the
Finite Element Method over limit equilibrium approaches.

The last set of examplesis usedto examinesensitivity of the element sizeon the ¯nal
response. The following conclusionscan be drawn. First, a reliable solution that is very
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Figure 5.2: Deformedmeshcorresponding to F OS = 1.44

closeto the failure can be achieved with conventional ¯nite elements basedformulated on
the basisof classicalcontinuum theory. In particular, 6-noded triangular elements with 7
integration points wereusedin this study. Next, the resulting F OS is virtually insensitive
to the coarsenessof the ¯nite element mesh. As evident from Fig 5.3 even with relatively
coarsemesha satisfactory value of the F OS can be attained. The results also suggest
evolution of localizedregion even beforethe peak of stress-straincurve is reached (recall
elastic-perfectly plastic assumptionof the soil behavior). This region is, however, highly
dependent on the ¯nite element mesh. Figs. 5.3 - 5.6 show plots of the equivalent plastic
stress"pl

eq. The dark red color corresponds to elastic region while the blue color marks
the region with the highest value of " pl

eq. The meshsensitivity to localization of inelastic
deformation is oneof the drawbacks of the continuum theory basedapproaches.

5.2 K 0 pro cedure to generate initial geostatic stress
state

It is often desirableto generatean initial stressstate that di®ersfrom the one provided
by standard elasticity analysis. It is a well known fact that in the rock analysisthe lateral
earth pressureoften exceedsthe vertical stressas a consequenceof various deformation
processesthat took place in the past. Such a stressstate, however, cannot be attained
for a generalclassof materialswhenadopting classicalconstitutive equationsof elasticity.
Recall that in the caseof linear elasticity the following relation holds

¾x =
º

1 ¡ º
¾y; (5.2)

where¾x and ¾y represent the lateral and vertical normal stress,respectively and º is the
Poissonratio. Eq. (5.2) can be generalizedto get

¾x = K 0¾y; (5.3)

whereK 0 is known as coe±cient of lateral earth pressureat rest. Thus setting

K 0 =
º

1 ¡ º
; (5.4)
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Figure 5.3: Selectedmeshand corresponding deformation pattern, F OS = 1.60.

Figure 5.4: Selectedmeshand corresponding deformation pattern, F OS = 1.58.

Figure 5.5: Selectedmeshand corresponding deformation pattern, F OS = 1.55.

Figure 5.6: Selectedmeshand corresponding deformation pattern, F OS = 1.58.
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corresponds to standard elasticity approach. The third principal stressfollows from the
geometricalsymmetry

¾z = ¾x = K 0¾y: (5.5)

The stress¿xy is obviously zero.
Adopting Eq. (5.4) the K 0 variable may in generalattain valuesranging from 0 to 1.

To overcomethis limitation the programGMKP o®ersan option calledK 0 - procedure that
allows an arbitrary selectionof K 0 when generatingan initial geostaticstressstate prior
to any construction stage(stressstate that exists in the earth body prior to any mankind
activities). This option, however, should be used with caution. In general, combining
K 0 - procedure with externally applied loading, anchors, water and other external e®ects
in not allowed in GMKP. In such a caseone should usethe standard approach with the
possibility of including inelastic deformation of soilsor rocks.

5.3 Unloading { reloading

A treatment of unloadingin geotechnical problemsdeservesa specialattention. Regardless
of the current deformation state the unloadingmay either follow the path consistent with
the primary elastic loading (type 1 of unloading in Fig. 5.7) or the increaseof sti®ness
upon unloading is assumed(type 2 of unloading in Fig. 5.7). The latter casesuggestsan
inelastic responseupon unloading. Nevertheless,it is generally acceptedthat the linear
elastic model with unloading-reloadingmodulus Eur di®erent from the one usedfor the
primary elastic loading E pr imar y looading

el providesreasonableapproximation to the true soil
behavior upon unloading. Two speci¯c problemswill be now addresseddependingon the
current deformationstate: unloadingfrom an elasticstate (A) or unloadingfrom a plastic
state (B). SeeFig. 5.7 for graphical representation.
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CHAPTER 5. MISCELLANEOUS TOPICS 77

Unloading from an elastic state: unloading from the elastic state along the samepath
as usedfor the primary loading (type 1) doesnot require any special attention. On the
contrary, the need for simulating an increaseof sti®nessupon unloading (type 2) calls
for a viable criterion to check for unloading. Note that incremental loading procedure
as usedin GMKP may prove to be particularly helpful in problems in which the whole
soil volume either compacts or expandsat the same time. To reliably determine the
point of unloading in such casesoneshould apply reasonablysmall load increments. The
point of unloading at a given integration point might be judged, e.g., by a decreaseof
equivalent elastic stress.When reloading takesplacethe onset for switching from Eur to
E pr imar y loading

el can be set on by the samecriterion as for unloading. Clearly, the present
criterion for reversing from unloading-reloadingto primary loading and vice versaneeds
to store the maximum equivalent elastic stressever reached at each integration point.
Also note that changing moduli locally even in elastic regime producesan imbalanced
forcesand leadsto global iteration of equilibrium. When the initial stressmethod or the
modi¯ed Newton-Raphsonmethod is usedthe program should be able to recognizethe
changein sti®nessesat a respectivenumber of integration points and allow for reformation
of the structural sti®nessmatrix.

Unloading from a plastic state: unloading from the plastic state appearssomewhatsimple
in comparisonwith the above problem. In particular, no needfor keepingany information
about the current stress state exists. Clearly, the yield condition naturally serves to
distinguish betweenloadingand unloading. In particular, whenunloadingfrom the plastic
state takesplacethe following conditions must be satis¯ed
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i ; · k
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@F (¾k

i ; · k
i )

@¾
¢ ¾i < 0: (5.6)

Eq. (5.6) is nothing elsebut the unloadingcondition introducedin Eq. (3.18). The discrete
form of reverseloading (primary loading in plastic state) assumesthe form
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i ; · k
i )

@¾
¢ ¾i > 0: (5.7)

Eqs.(5.6) and (5.7) represent natural criteria for replacingthe current tangent \mo dulus"
ET by the modulus for unloading-reloadingEur when unloading occurs and back when
a reloading in to a primary plastic loading is encountered. The exact form of neutral
loading condition as given by Eq. (3.18) cannot be essentially attained in the numerical
analysisdue to the roundo®error.
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