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Chapter 1

Preface

Stability analysisof earth structures suc as cut slopes, earth and rock Il enbankmerts
has beenone of the major disciplinesin geotedinical engineeringfor many years. Tra-
ditionally suc analyseshave beenperformed using simpli ed methods or empirical ap-
proadhes[26]. Most of these methods fall into the generalcategory of slice methods of
limit equilibrium. Recall that majority of designcodesor commercial engineeringsoft-
wares[7, 12, 13] are basedon these approates. Examplesinclude, e.g., the Peterson,
Bishop or Sarmamethods. All methods essetially assumethe soil is at failure at very
point alonga certain failure surface. Equilibrium conditionsarethen consideredor failing
soilmass. To arrive at the desiredsolution, however, a number of simplifying assumptions
must be introduced (predeterminedslip surface,direction of slicesand related sideforces,
etc.).

A suitable alternative to traditional limit equilibrium approadesis the nite elemer
method in that, that it is moreversatileand requiresfewer a priory assumptionsespecially
regarding the failure medanism. Evolution of failure zoneis gradually dependert on the
deformation behavior of soils described by a suitable constitutive model [19. Thus no
assumptionneedsto be madein advanceabout the shape or location of the failure surface
that arisesnaturally in the zoneswherethe shearstrength of soilsis insuzcient to resist
the shearload. In modeling failure processeghe attention is usually limited to elastic
perfect plastic behavior so that hardening or softening behavior of real soils con rmed
by a number of experimertal obsenations is excludedfrom the analysis. Sud approadh
brings us closeto aforemettiioned limit equilibrium methods. An extensive numerical
experimenrtation on stability of slopes under these assumptionsis reported by Grixth
[14].

The useof nite elemerts in geotetinical engineering however, is much more versatile
and by no meanslimited to stability analysisof earth slopes. A variety of applications
in which nite elemerts are irreplaceableby simple methods is descriked in an exceller
book by Potts and Zdravkovic [20].

The objective of this manual is to summarizethe theoretical grounds neededin the
analysisof geotetnical problemswith GEOmkp. The work is organizedasfollows. Chap-
ter 2, rst, brie°y reviewsthe derivation of basic nite elemen equationsand then outlines
in a concisemanner formulation of all nite elemerts implemerted within the GEOmkp
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software. Chapter 3 then summarizesseeral popular constitutive models often used by
geotetinical engineerssud as von Mises, Drucker-Prager or Modi ed Mohr-Coulomb.
Seealso [19 for additional information on more advancedconstitutive modelsapplicable
to analysisof soft soils. The chapter concludesby se\eral examplesthat showv application
of perfect plastic modelsto the analysisof slopes. Finally, Chapter 4 addresseswo most
commonsolution strategiesfor the solution of nonlinear systemof equationsthat typically
ariseswhen studying deformation behavior of soils.



Chapter 2

Finte Element Equations

The presen sectionprovidesderivation of nite elemen equationsgoverningthe respective
boundary value problem. Formulation of the set of elemens implemerted within the
GMKP program is provided next. Throughout this section, the standard engineering
notation is used(see,e.g.,[4]). Limiting our attention to plane strain conditions, seealso

Ay

im

Figure 2.1: Body - crossedby discortinuity j 4
Fig. 2.1, the stressand strain tensorswritten in the vector form are
Ya= ?/ﬁx ?Vfly ?/ﬁy 3/éz T;

and © a
no_ n n 2|| n T.
= XX yy Xy zz .

We further introducethe (3 £ 4) matrix @de ned as
2

3
@ g @
0 o @
= @
@=40 g & 0°
0 0 0o &

and the (3£ 4) matrix n that stor2esthe componerts3of unit normal vector,

n, 0 n, O
n=40 n, ng, 05;:
0O 0 0 n,

(2.1)

(2.2)

(2.3)

(2.4)
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2.1 Kinematics discretization

Considera body - boundedby a surfacej, Fig 2.2. j, represeis a portion of j with
prescribed displacemets T while tractions t are prescribedonj; (j o\ jt= ;).

Figure 2.2: Body - with boundary surfacej

In the standard nite elemen method the displacemen eld canbe interpolated over
the body - usingthe nodal shape functions [4] in the form

u(x) = N(x)a; (2.5)

where N is a matrix of standard nodal shape functions to interpolate the nodal degrees
of freedom. Introduction Eqg. (2.5) into Eqg. (2.8), the strain "eld is then expressedas

"(xX) = B(x)a; (2.6)

whereB = @ N is the familiar strain matrix.

2.2 Governing equations

Considera linear elastic body -. Assuming small strains the linear momertum balance
equation and the kinematic equationsresult in

@a+ X = 0; (2.7)
and
"= du: (2.8)

The vector X in Eq. (2.7) represems the vector of body forces. The traction and dis-
placemen boundary conditions are given by

n¥a=1t onjy; (2.9)
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and
u=0T onjy: (2.10)

The system of governing equationsis usually derived by invoking the principle of
virtual work. In particular, the principle of virtual displacemets can be recovered by
forcing the equationsof equilibrium, Eqg. (2.7), to be satis ed in averagesensesuc that

Z Z
HT(@e+ X)d- +  #T(j n¥%+1)d- = 0; (2.11)
for all kinematically admissible tu. Next applying Green's theorem and taking into
accourn the fact that tu = 0 on j , gives
z z Z
+79%d- = w'™Xd + w'tdj: (2.12)
In the cortext of quasistatic non-linear nite elemen analysisEq. (2.12) is usually pre-

serted in its linearized form
Z Z Z

+#"T¢¥%d- = Hu'¢Xd + Hu'cidj; (2.13)

where¢ represeis anincremer of a given quartit y over a certain incremer of time ¢ t.

To proceed,we introduce with the help of Eq. (2.5) an incremenal form of constitutive
equationsas

¢%=DC"+C¢%, = DBCa+ ¢¥,; (2.14)

whereD is the (4 £ 4) instantaneous(tangernt) material sti®nesamatrix and ¢ %, is the

incremert of initial stressvector. Contribution to ¢ 34, canbe attributed to a number of

distinct physical sourceqthermal e®ectspre-stresof structural elemens sud asandors,

pore pressure.etc.). Finally, introducing Eqg. (2.14) into Eq. (2.13) yields
z z

+ta’ B'DBt¢ad- = #a' NT'¢X d- (2.15)
; z Z
i #ta' BT¢¥%,d +x¢a’ NT¢tdj;
- it
Noting that Eq. (2.15) must be satis ed for all kinematically admissible+¢ a we arrive
at the traditional form of the discrete systemof linear equations

K¢u==¢f; (2.16)

where K is the instantaneous (tangert) global sti®nessmatrix and ¢ f represems the
generalizedoad vector. Individual symbolsin Eq. (2.16) are provided by
Z

B'DB d-; (2.17)
z z Z
NT¢X d-j BT¢%,d-+ NT¢td;: (2.18)

it

K

¢f
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Following the standard nite elemen procedure,the sti®nessmatrix is obtained by
the asserbly of cortribution from individual elemens. To that end, the domain - is de-
composedinto N non-intersectingelemetts -  sud that - = [ s - .. Formally writing,
the global sti®nessmatrix and the global force vector become

K = A} Ke; (2.19)
¢f Ale et (2.20)

2.3 Finite elements used in GMKP program

The following section provides a brief overview of individual nite elemerts usedin the
GMKP nite elemen code. The available elemens can be divided into two groups: two-
dimensional plane strain elemerts (3-node and 6-nade triangular elemens) and special
elemerts sud as2-node rod elemen to model andhors, 2-node and 3-node beamelemerts
to model supporting walls, tunnel linings or foundation and 4-node and 6-node interface
elemens to model relative movemert of the structure with respect to the soil. All el-
emerts implemerted in GMKP are constructed within the framework of isoparametric
formulation, which meansthat the sameinterpolation functions are usedto approximate
geometryaswell as displacemen eld.

2.3.1 2-node rod element

The 2-node rod elemen with the linear interpolation of the displacemen eld is shown
in Fig. 2.3.

Isoparametric mapping

Xg Ug

Figure 2.3: 2-node rode element
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Kinematics

The local displacemen u, written in terms of the global degrees of freedom
ae = fuy;vi;uy;vog' reads

u = leul cos®{; V1 sin®; + szuz cos®{; Vo sin®?; (2.21)

|
uy

|
uz

wherethe isoparametricelemern shape functions N1; N, are given by
1
Ny = é(l i r);

1
NZ = §(1+ I’)Z

Element sti®ness matrix

Taking the derivative of Eq. (2.21) with respect to X, givesthe axial strain in the form
"= Ba; (2.22)
wherethe (1 £ 4) matrix B attains the following form

B = %fi COs®; i Sin®; cos®; sin®g: (2.23)

wherelL is the elemen length. To concludethe derivation of the elemen sti®nessmatrix
we introducethe constitutive law in the form

EA,

Y%= D" = o

(2.24)
whereD = EA=L represen the elemen axial sti®ness;E; A are Young's modulus and
elemen cross-sectionahrearespectively. Finally, making useof Eq. (2.17) on the elemen
level providesthe elemen sti®nessmatrix K as

2 cos® cos® cos®Sin® | cos® cos® j cos®sin®3
K = %g cos®sin®  sin®sin® | cos®SIN® | sin®sin®Z_
T L i cos®cos® | cos®sin® cos®cos® cos®sIiN®
i cos®sSin® j sin®sin® cos® sSin® Sin® sin®

(2.25)

2.3.2 2-node and 3-node beam elements
The 2-node and 3-node beam elemerts implemerted in GMKP appearin Fig. 2.4.
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Ay, v Global elements

y UaVaj 2

A
Z® >
X, U parent elements
Integration points

/\

e L e > & o—h

0 1 r -1 0 1 r

Figure 2.4: 2-node and 3-node beam elemens
Kinematics

In general,assumingthe local cartesiancoordinates x; y to be aligned with the principal
axesof inertia and placedin the origin of the certroid of the beam cross-sectiorprovides
the constitutive equationsin the form

8 9
8 9 2 3% du 2
< Ny = EA 0 O dx 2
M, =4 0 EI, 0 5 . d : (2.26)
Q 0 0 KkGA § N fxdvg
| z dx

where EA; El,; kGA represen the axial, bending and shear sti®nesse®f the beam, re-
spectively. Individual ertries in the resultant stressvector %= fN4;M,;Q,g" represen
the normal force, bending momert and the shear force deweloped in the beam cross-
section. Finally, the unknown functions in the displacemen eld u = fu;"; vg' stand
for the longitudinal displacemenf, rotation about the z-axisand vertical displacemeny re-
spectively. They follow from the standard nite elemen approximation usingthe elemen
shape functions and the nodal degreesof freedom

u=Na: (2.27)

2-node beam element Detailed derivation of the nite elemen matrices for the 2-node
beam elemen implemerted in GMKP is given in [4]. Here we presen only the most
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Table 2.1: Shape functions for 2-node beam elemern

Node i Function N;
1 1ir
2 r
3 |_(T12.)£6” 6r2a
4 i£(1+ 2-) 2(2+-)r+3r2°
1+ 2
5 L(Tlg_)Ei 6r + 6r2a
© 1;2.%2ﬂi0r+&f
7 1+12_ £(1+ 2:)i 2r j 3r2+ ot
° 1+L2.£i(1+-)r+(2+-)r2ir30
9 Iiiiffé* fazp ot
10 1+L2.£'r+(1i-)r21r30

essetial part. In particular, the matrix N in Eq. (2.27) assumeghe form

Nl 0 0 Nz 0 0
N=4 0 iN;s Ns O iNs Ng 9; (2.28)
O Nzy jNg O Ng Ny

whereindividual shape functions are listed in Table 2.1. The variable - that appearsin
individual terms of the shape functions is given by

_ BEl,
~ kGAL?’
wherek is the shearcorrectionfactor and L is the length of the beam. The nite elemen
represetation of the strain eld
Y 7
“du d, dv

= &;iﬁ;i z+& ; (2.29)
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Table 2.2: Shape functions for 3-node beam elemern

Nodei | Regularfunction N; | Substitute function N

1 Ir(ri 1) :Gi "
2 r(ri 1) 2+ 1)
3 (Li r?) 3

calls for introduction of the strain matrix B. Using Eq. (2.28) and taking into accoun
the transformation of coordinatesfrom the local to the global coordinate systemit is easy

to seethat
2
CNY SN? 0 CNJ SN2 0
B=4 SN} CNY¢ i NJ i SN CN? i N§
i S(Nz+ N9 C(Ns+ N9 i Ngi N i S(Ns+N§ C(Ns+ N9 iNgi N
(2.30)
where
C = cos@®);
S = sin(®); (2.31)
1 dN;
N-O - — 7.
' J dr’

The angle® in the above equationis de ned in Fig. 2.4 and the JacobianJ follows from
Eq. (2.35).

3-nade beam element Assuming the standard isoparametric shape functions listed in
Table 2.2 to appraximate the displacemen eld givesthe matrix N in the form

2 3
N, 0 0 N, 0O 0 N3 0 O
=4 0 N, 0 0 N, 0O 0O N3 0 3; (2.32)
0O 0 N; 0 0O N 0O O Ns

Next, recall the represemation of the strain eld (2.29) and useEq. (2.32) to arrive at

CN? SN2 0 CNJ SN2 O CNJ SN§ O
B=4 0 (N2 O OiN) O N © 5: (2.33)
i SN2 CN? N3 jSN? CN2 N, jSNJ CNJ Nj

The standard B matrix was again augmered to accour for the transformation of coor-
dinates. ParametersC; S; N ° receive the samemeaningasin Eq. (2.31) with the Jacobian
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J found from Eg. (2.36). In addition, substitute shape functions N; were usedto de ne

. . — .. . dv . .
the variation of ' in the de nition of shearstrain j ' , + — to avoid shearforce locking.
Note that the substitute shape functions coincidewith the regular shape functions at the

reducedGaussianintegration points. Details can be found in [10, 19].
Element sti®ness matrix

Derivation of the sti®nesamatrix follows Eq. (2.17). The result is

X
Ke=  wBT(r;)DB (r})J; (2.34)
j=1

wherethe JacobianJ reads

J = L for 2 nodeelemern; (2.35)
L
2

Locations of integration points within parernt elemeits are storedin Table 2.3.

J = for 3 nodeelemer: (2.36)

Table 2.3: Integration points for 2-node and 3-node beam elemerts

Integration 2-node beam 3-node beam
point coordinate r | weight coordinate r weight
1 0.211324865 1.0 | -0.774596669241483 5/9
2 0.788675131 1.0 0.0 8/9
3 0.774596669241483 5/9
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AV Global elements

T ) N

1 1
2 4

X, u Parent elements

As
»3 (0,1)

integration
points

r
& o - - o
1(0.0) 2(1.0) 1(0.0) 4

2(1.0)

Figure 2.5: 4-node and 6-node interface elemens

2.3.3 Plane 3-node and 6-node triangular elements

Plane 3-node and 6-node isoparametrictriangular elemerts are implemerted in GMKP.
Geometry of both elemerts is evidert from Fig. 2.5.

Kinematics

The displacemen interpolation functions are listed in Table 2.4. The elemen degreesof
freedomare

a = fugviiux Ve usvag' 3i node elem (2.37)
a = fuq ViU Vo) Us; Vs Ui Va; Us; Vs, Us: Ve 6 node elem (2.38)

The displacemen eld inside the elemern is uniquely descriked by the above nodal pa-

rameters
X X

u= Niu;; V= Nivi; (2.39)
i=1 i=1
wheren is the number of elemen nodes.

Element sti®ness matrix

The componerts of the strain tensorfollow from Eq. (2.6). The elemen sti®nessnmatrix is
then de ned by Eq. (2.17). Here, the integral is again evaluated by Gaussianquadrature
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Table 2.4: Interpolation functions for 3-node and 6-node triangular elemens

Node Function Included only if node i
i N; is de ned
i=4 | i=51]i=6
1 lirjs [ :—2LN4 i %Ne
2 r i 5Na | %Ns
3 S i %Ns i 5N

4 dr(ljrijs)

5 4rs

6 4s5(1ij rij s)
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Table 2.5: Integration points for 3-node triangular elemert

Integration Coordinate | Coordinate | Weight
point r S
1 1/3 1/3 1/2

Table 2.6: Integration points for 6-node triangular elemen

Integration
point

Coordinate
r

Coordinate
S

Weigh

~N o o~ o wON P

0.101286507323
0.797426985353
0.101286507323
0.470142064105
0.470142064105
0.059715871789
0.333333333333

—

o}

1

—

o}

1
1
8
3

0.101286507323
0.101286507323
0.797426985353
0.059715871789
0.470142064105
0.470142064105
0.333333333333

-

D

o)

W= = 00 =

0.125939180544
0.125939180544
0.125939180544
0.132394152788
0.132394152788
0.132394152788
0.225000000000

Ul

O

Ul

16
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sothat
X

Ke=  wB'(r;;5)DB (rj;5)J(rj; 5); (2.40)
j=1
where w; is the weight for a given integration point i, N is the number of integration
points and J is the Jacobianof the transformation given by

Jrg) = =—=i == (2.412)

The linear 3-nade elemetn is integrated at 1 integration points, while N = 7 is assumed
for the quadratic 6-node elemert, seeFig. 2.5. Locations of integration points within

parert elemens are storedin Tables2.5and 2.6. Further details on the evaluation of the
elemen sti®nessmatrix can be found in [4].

Element load vector

In this section,we turn our attention to the evaluation of elemen load vector attributed
to the gravity loading, pore pressureloading and loading that arise during excavation.

Gravity loading The forcesgeneratedby the self weight of the soil follow from the rst
term on the right hand side of Eq. (2.18) and are given by
Z
f9= NTX_dV (2.42)
Ve
whereX _ = f0;°.g" and °, is the elemen self-weight per unit volume. The integral in
Eq. (2.42) thus redistributes the net vertical forceto all elemen nodes.

Pore pressue: To arrive at the elemen load vector due to the prescribed pore pressure
we rst recall the conceptof e®ectie stresses.The total stressvector then assumeshe
form

Y%= D" i 3mp; (2.43)
wherep > 0 represeis the prescribed liquid pore pressurein the fully saturated soil.
Matrix D now stands for the sti®nessmatrix of the porous skeleton and vector m is

introducedlater in Section3.4.1Eq. (3.4). Also not that the matrix of the solid phaseof
the porousskeletonis taken asrigid (undeformable). Eq. (2.14) now becomes

%= BDaj NP; (2.44)

where vector p stores the nodal values of the prescribed pore pressure. Introducing
Eqg. (2.44) into Eq. (2.15) then gives (recall the secondterm on the right hand side of
Eqg. (2.18)) 7
f®=i BTNpdVe (2.45)
Ve

Excavation problem When a portion of material is excavated (open excavation, tunneling)
forces must be applied along the excavated surface sudh that the remaining material
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experiencesthe correct unloading e®ectand the new free surfaceis stressfree [25, 5].
The excavation procedureis sdhematically displayed in Fig. 2.6. Supposethat prior to
excavation the material in the original body is loadedto attain the initial stresses/a, in
zone A and ¥, in zoneB, respectively. This initial stressstate can be recovered as a
superposition of two loading stages.To that end, supposethat the material from zoneA is
removed. To maintain the initial stressstate ¥, developedin zoneB the newfreesurface
must be loadedby forcesF g exertedby body A onto body B. Similarly, the forcesFga
having the samemagnitude but opposite direction asforcesFg must be applied to body
A to comply with the equilibrium requiremerts. It now becomesevidert that in order to
completethe excavation procedurethe unwanted layer of forcesF g must be removed by
applying force Fg o to body B thus arriving at the required stressfree surface,Fig. 2.6.

255 %

T7777

Figure 2.6: Excavation processand excavation forces

In mathematical terms the excavation forcesFg follow from the principal of virtual

work written as
Z Z Z

+' 73, d- = #'X d + wTtdj: (2.46)
- A - A iA
After discretization Eq. (2.46) becomes
M z z 1
AL 4as" BT, dVei 3.’  NTX . dVe = #aps Fga: (2.47)
Ve Ve

The nal steprequiresto relate the elemen nodal degreesof freedomto the degreesof
freedomassaiated with the nodeson the new free surface. This can be done with the
help of the localization matrix L sud that

de = LeaBA: (248)
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Z00m
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r—® \_‘2‘\' ®
v Y la 1b
& [ KA
/z N G
y
@ [

Figure 2.7: Localization

Plugging bad from Eq. (2.48) into Eq. (2.47) nally givesthe vector of excavation forces
in the form
nZ z l
Fea = Apt L™ B ¥, dVei  Lo'NTX . dVe : (2.49)
Ve Ve

The localization procedureas shown in Fig. 2.7 essetially correspndsto the selection
of elemens attached to the excavation surface. Thus the remaining elemerts presett in
body A do not have to be takeninto accourt when computing the excavation forcesF ga
in Eq. (2.49).

The theoretical grounds set in the above paragraphsare demonstratedon a simple
problem of open excavation. Figs. 2.8-2.10illustrate a sequenceof computational tasks
preserted in Fig. 2.6. The initial state prior to excavation is represeted by Fig. 2.8
shawing a variation of the horizontal stressdue to pure gravity loading. Fig. 2.9 then
correspndsto the state found in body B on Fig. 2.6 after removing the soil from open
cut but keepingthe original stressesdy applying forcesF,g along new free boundaries.
Finally, Fig. 2.10displays the nal deformation and stressstate after removing the un-
wanted forcesF g with the help forcesFg that have the samemagnitude but opposite
direction, seeFig. 2.6 shaving body B after completing the excavation sequence.

2.3.4 4-node and 6-node interface element

This section preserts derivation of the elemen sti®nessmatrix for the 4-node and 6-
node interface elemens that are compatible with 3-node and 6-node triangular elemerts,
respectively, alsoimplemerted within the GMKP nite elemen code. Both elemerts are
displayedin Fig. 2.11.

Kinematics

In the nite elemen framework the global displacemets are approximated usingthe stan-
dard elemen shape functions listed in Table 2.7. Referringto Fig 2.11the displacemen
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Figure 2.8: Excavation procedure{ initial state

Figure 2.9: Excavation procedure{ intermediate state

Figure 2.10: Excavation procedure{ nal state
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Xpu Xpu
3 isoparametric 4 3 isoparametric
Ay, v, mapping mapping
1 1 N
I® | I@ ®I I I@ o
1 r -1 @ r
o
Xg Ug
Figure 2.11: 4-node and 6-node interface elemerts
Table 2.7: Interpolation functions for 4-node and 6-node interface elemens
Node Function Included only if
[ N; node 3 is de ned
1 1
1 Qi r i =N
2( i ) i 5Ns
1 1
2 —(1+r i =N
5L+ ) | 5Na
3 (Li r?)
“eld for the 4-node interface elemen receivesthe form
utor Nius + NoUg; (2.50)
UbOt Niu; + Nouo;
vioP N1vs + Novy;
vPot Nivi + Novy:
In the compactform the global nodal degreesof freedomu;;v; are
ag = fUyVi;Up; Vo Ug; Vs Uss Vag (2.51)
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Similarly for the 6-node interface elemen we get

ur = N us + Nous + N3Ug; (252)
u”® = Njup + Noup + Naug;
VI = Njv,+ Novs + Nave;
VbOt = Njyvi+ Novo + N3V3;
and
ag = fuy;Vi;Uz; Va; Us; Va; Ug; Va; Us; Vs; Ug; Ved | - (2.53)

Element sti®ness matrix

The stress-displacemenrelationship of the interface model assumeghe form

Yo Y 1/2|[ ! Ya

¢ up .

¥, D M, (2.54)

where [u], and [v], represen the relative displacemets of the top and bottom of the

interface elemen in the local coordinate system, Fig. 2.11. For isotropic linear elastic

behavior the interface material sti®nessmatrix D takesthe form
" Ks 0

D=9 k, °

(2.55)

whereK ¢ and K, are the elastic shearand normal sti®nessesrespectively. They can be
related to the interface shearand Young'smoduli Gy ; Eix as

Gint .
t )

E.

Kn = ,I[nt ;

wheret represems the interface sti®ness.It should be noted herethat setting the inter-
facesti®nesseK s; K, to low valuesmay lead to excessiely large elastic displacemets.
Howevwer, if the elastic parametersare too large (attempt to model a perfect bond), then
the numerical ill-conditioning may occur. This is usually manifestedby the oscillation
interface stresses. It has been argued that sud unwanted oscillatory behavior can be
reducedby using the Newton-Cotesintegration stheme (integration points coincidewith
the elemen nodes)when computing the elemen sti®nesamatrix [9, 15]. This integration
sthemeis employed in GMKP. On the cortrary, the results preserted in [11] suggestthat
the useof Newton-Cotesintegration schemehasno bene t over the Gaussianquadrature.

The globaldegree®f freedomin Egs.(2.51)and (2.53) arerelatedto local displacemenh
jumps in the form ( )

[ul, _ .
[V]I: = Bag; (2.56)
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wherethe matrix B assumeshe form

B = [[TB: j TB, TB; TB ;] 4 node elem
B = [[TB: i TB, | TB3 TB; TB, TB3] 6 node elem
and .
T = cos® sin® ° B = N, 0 °
"~ j sih® cos® ' 0 N;
The elemen sti®nesK . then follows from
L =
Ke = = BTDB dr;
2 .

wherelL is the elemen length.

Element load vector

23

(2.57)
(2.58)

(2.59)

(2.60)

We limit our attention to the elemen load due to pore pressure. Assuming drained
boundary conditions and using the conceptof e®ectie stressegyivesthe vector of total

stressesdn the form Y 3, 1 % Y 3,
' £ 9% "[u . 0

< — [
» - D M, o1 P

wherethe averagevalue of pore pressurep is given by

1
p = é[(p1+ P3)N1 + (P2 + Pa)N2] 4 node elem

1
p = 5[(p1+ Ps)N1+ (P2 + ps)N2+ (ps+ ps)N3] 6 node elem

(2.61)

(2.62)

(2.63)

Finally, recall the secondterm in Eq. (2.18) to get the elemen load vector f . due to

initial pore pressureas 7 v 3,
_L7t s 70 .
fe= 5 i 1B 1 pdr:

(2.64)



Chapter 3

Constitutiv. e models

3.1 Constitutiv e model for anchors

An important topic which needsto be addresseds concernedwith the methods of sup-
porting walls (props, ties, andhors) or reinforcing the soil body (geotextiles). A two-node
rod elemen with an axial sti®nesdut with no bendingsti®nessan be usedto model hor-
izontal struts, ranking struts, geotextilesor node-to-nade andhors. In generalthe elemer
is usedto model ties betweentwo points in space. In the current implemertation, sud
an elemer is consideredo be a freeelemen not necessarilyconnectedto the underlying
‘nite elemen mesh. Its deformation is realized by tying the free elemen nodesto the
active nodesin the elemen mesh. This step is done automatically. This elemen can
be subjected to both tensile forces(anchors) and compressie forces(struts). Allowable
limits on the tensile as well as compressie force can be setto simulate elemen failure,
e.g.,andor tensile failure or compressie failure of props due to buckling.

Figure 3.1: Constitutive model for andhors

The material behavior is limited to linear elasticity up to failure asshown in Fig. 3.1.
The correspnding incremental stress-strainrelationship assumeghe form

EA
¢ %= 0"+ €Y, (3.1)

24
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where E is Young's modulus, A represems the elemen cross-sectionabreaand L is the
elemen length; ¢ %, stands for the initial stressincremen assaiated with the initial
andhor pre-stressgiven by

¢ Fpre.
A
where Fy is the applied pre-stressforce. ValuesR; and R; in Fig 3.1 corresmpnd to
allowable tensile and compressie strengths, respectively. Note that care must be taken
when computing the axial elemen sti®nessE A=L in planestrain applicationsasit should
represem an equivalent axial sti®nesger unit length that takesinto accoun the elemen
spacingin the out of plane direction.

As a default setting the elemern is assumedio sustain zerocompressie stress. Thus,
it is deactivated when in compression.But it can be reactivated again when subjected
to tension. Howewer, when the allowable strength limits are exceededthe elemet is
automatically removed from the analysis.

¢ ¥ = (3.2)

3.2 Elastic constitutiv e model for soll

Although not realistic for soils the program makes possibleto analyze a purely elastic
isotropic material. A typical stress-straincurve for a linear elastic material is plotted in
Fig. 3.2. Note that such a model assumeghat the loading and unloading branch coincide.

s A

Figure 3.2: Linear elastic constitutive model for soil

The assumptionof isotropy (all material constaris are independert of the orientation
of coordinate axis) is commonfor all material modelsimplemerted in GEOmkp. In sud a
casethere areonly two independernt material constarts necessaryo represem the material
behavior, e.g.,the Young modulus E and Poissonratio °. Limiting our attention to the
plane-strain description, the incremenal constitutive equation for linear elastic isotropic
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material read

8 9 2 38 9
3 Y 32 1i° ° o ° 3 w3
Yoy ~ _ E g °o 1j0° 1.020 ° é :yy (3.3)
2 &y 3 (1+°)2i 22)* O 0 =~ 0 2 w3
. 3/22 f o o 0 1i o . "zz )

3.3 Mo died elastic constitutiv e model for soil

A slightly more realistic prediction of the material behavior can be acieved when as-
suming di®erent material responsein loading and unloading. Sud an approad calls for
a third independert material parameter governing the unloading-reloadingbranch of the
stressstrain curve asshown in Fig. 3.3. An experimertal evidencesuggestgo setthe value
of the unloading-reloadingYoung's modulus E,, appraximately three times the value of
E. This is the default setting in GEOmkp.

s
1
loading
EUI’

1
unloading

Figure 3.3: Modi ed linear elastic constitutive model for soil

3.4 Elasto-plastic constitutiv e models for soil

One of the key topics in the geomebanical engineeringis an assessmenof stability and
ultimate load bearing capacity of soils. Although a number of simple approadesbased
on limit equilibrium is available for the solution of this problem sud as the Petterson,
Bishop or Sarma methods, there is an increasing need for more accurate and reliable
approathesthat take the actual behavior of soilsinto accoun, espgecially in applications
involving soilsthat shawv softening behavior, e.g., densesandsor overconsolidatedclays,
seeFig. 3.4.

The purposeof this chapter is to review se\eral constitutive models generally known
to geotetinical engineers.The chapter starts with the classicalvon Mises model [4, 19
often calledwhenassumingthe total stressapproach Although this modelis not currently
implemerted within the GEOmkp software, we take advantage of its simplicity and use
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Figure 3.4: Typical soil behavior involving hardening and softening

it asa stepping stone for more complex constitutive models sud as the Drucker-Prager
and modi ed Mohr-Coulomb models discussednext. Note that unlike the von Mises
constitutive model thesemodels draw on the use of e®etive parameters

3.4.1 Invariants

Before proceedingwith the actual formulation of individual constitutive modelswe rst
de ne the following matrices and vectors extensiely usedin this chapter:

m = f1=3,1=3,0;1=3g ;
2 3 2 3
2=3 {13 0 j 1=3 10 0 O
i 1=3 2=3 0 j 1=3 01 0 O
P = ; Q = ; (3.4)
0 0O 2 O 001220
i 1=3 {1=3 0 2=3 00 0 1
with the following useful connections
T T l
m Qm =m m = §; PQP = P; PQm = 0: (3.5)

In addition, standardengineeringrepresetation of stressand strain is usedthroughout
the text. Assumingthe Cartesian coordinate systemwith axesxj;x, and xz, and the
plain strain state of stressthe symmetric secondorder Caudy stresstensor % is then
represeted as (4 £ 41) vector,

Ya= 1 Y41, Yoo, Yan, Yasg (3.6)
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Similarly we write the symmetric second-ordettensor of small strains " in the form
"= f"11i"22i°12;"33§1T : (3.7)
The deviatoric courterparts of stress% and strain " are then given by
s=PQ¥% e=PQ": (3.8)

The state of stressat a given material point provided by Eg. (3.6) can be alsowritten
in terms of three basic invariants. Assuming standard elasticity notation (pressureis
negative) theseinvariants can be written with the help of Eq. (3.4) as

Y = FnT%; (3.9)
1
J = 53/4TP3/4; (3.10)
Ap !
_ . 1 N 3 3'35 .
L= éarcsm > 33 (3.11)

where¥, is the e®ective meanstress,J is de ned asa squareroot of the secondinvariant
of the deviatoric stressand p is the Lode's angle; | 35 in EqQ. (3.11) stands for the third
invariant of the deviatoric stress. Assumingplane strain conditionsthe quantity | 35 takes
the following form

l3s = S11520S33 | S33S12S12; (3.12)

wheres;; arethe componerts of the deviatoric stresstensorgivenby Eq. (3.8). It becomes
also advantageous,later in this chapter, to de ne certain equivalert measuresof strain
vectors" and e as

-

eq "TQ", (3.13)

"TQPQ" : (3.14)

€q

ﬁ
WIN| WIN

3.4.2 Yield surface

It is the well known fact that the plastic behavior of solidsin generalis characterized
by a non-unique stress-strainrelationship. Evidence of suth a behavior is the presence
of irrecoverable (plastic) strains (") upon unloading. Fig. 3.5 provides an illustrativ e
example of uniaxial behavior of a material loaded beyond the elastic limit. The plastic
strains attributed to yielding, howewer, can occur only if the stresses¥s satisfy a certain
yield criterion

F(¥%-)=0; (3.15)

wherethe componerts of vector - = f. ;- 5:: :gT are called the hardening/softening pa-
rameters. If the material exhibits hardening/softening,the surfacedescrited by Eq. (3.15)
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Figure 3.5: Uniaxial plastic behavior

expands/cortracts dependingon the loading history and the hardening/softening param-
eters- = - (t). The condition F(%;-) < 0 then correspnds either to initial elastic
loading, or elastic unloading from a previously readed plastic state. In a time interval
during which the material remainsin plastic state, the yield condition Eqg. (3.15) is satis-
“ed (recall that F(34-) > 0is not allowed). After di®ereniating the yield condition we
arrive at the so called consistencycondition [4]
3 ¢ 3 4
S eF T, @
dF = @ d¥a+ @ d =0; (3.16)

where, under plane strain state of stress,

£y Yar
¢ "¢ & @& @ "

@ - @ @ @ @ 317
%3 ar

¢_ 'ee. @

@ @ @ @

3 T

The material constarts can be chosensud that for loading & d- < 0. The consis-
tency condition then providesthe following loading criterion :

9

8
g > 0 plastic loading;
3 Q ' d¥%= d¥% Q : =0 ieutral Ioadingg' (3.18)
@4 @s> ’

" < 0 elasticloading:

Apart from the yield condition, Eq. (3.15), the description of the plastic deformation
requiresa certain assumptionabout the direction of the plastic “ow. Sud hypothesisis
calledthe °ow rule. It is quite generallypostulated that the plastic “ow will occur in the
direction normal to a plastic potential surface

G=G(¥%-): (3.19)
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The plastic strain incremert can be then de ned as

@
d"P = d, —; 3.20
@ (3.20)
where d, is a proportionality constart, asyet undetermined. The special caseof G = F
is known asassaiated plasticity and the ow rule Eq. (3.19) is termed the normality rule.
In generalcase,however, whenG 6 F the plasticity is non-assaiated. Parameterd, can
be eliminated using consistencycondition Eq. (3.16) written in Melan's form as

CF T .
dF = g, O%i Hd, =0 (3.21)
where o . @ ‘@
H=; = = valid for = d¥%> O; 3.22
@ @ @ (3.22)

is the modulus of plastic hardening/softening.

3.4.3 Elasto-plastic sti®ness matrix

This section completesthe summary of generaltheoretical grounds neededfor the de-

scription of plastic behavior of solids by formulating the elasto-plasticmaterial sti®ness
matrix. Two approadesare examinedto arrive at the desiredresult. The rst approath

draws on standard incremerial form of constitutive equationscombined with consistency
condition given by Eqg. (3.16), while the secondapproad con rms with the actual al-

gorithmic procedure for the stressupdate. The interested reader may also consult an

excellen paper on this subject by Simo and Taylor [24].

Standard tangent sti®ness matrix

Assuming additive decompsition of small strains the total strain vector admits the fol-
lowing represemation
d" = d"+ d"P': (3.23)

Relating the increment of stress d¥% during plastic loading to the elastic part of the total
strain d"® we get
d¥%= De(d" j d"P): (3.24)

where D® represets, keepingup with the plane strain conditions, the (4 £ 4) elastic
sti®nessmatrix. Substituting for d"?' from Eqg. (3.20) into Eq. (3.24) gives

u 1
d¥%= D® d"j d,@ . (3.25)

A

After substituting for d¥% from Eqg. (3.25) into consistencycondition Eq. (3.21) we get

- u T
@ el "o, @ . — N
@1 D d | d, @1 | Hdh - O (326)
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Solving for d, from Eq. (3.26) yields

3

%21 D el d"

d, = ! (3.27)

H+ & Delgﬁ

Back substitution of d, into Eq. (3.24) then resultsin
2 3

% e Mg
H + % De'u% @ o

Eqg. (3.28) represets an explicit expansionwhich determinesthe stresschangein terms of
strain changewith the instantaneous(elasto-plastic)tangert sti®nesamatrix D P written
as

d%= 4D | (3.28)

d¥% = D°ePa" (3.29)
| |
ep — eI De % % D(f — el . DelngnTDeI .
D = D = D% O+ niDon.’ (3.30)
H + % Del % n Ng
where & @
n= @1; Ng = @1; (3.31)

represemn normalsto the yield and potential surfacesin the stressspace,respectively.

Algorithmic  tangent sti®ness matrix

It hasbeencon rmed that the useof the elasto-plasticsti®nessnatrix givenby Eqg. (3.30)
spoils the quadratic corvergenceof the Newton-Raphsoniterativ e solver. Simo and Tay-
lor [24] shownved that in order to cure this, the elasto-plastic sti®nessmatrix must be
consistert with the algorithmic procedureusedfor the stressupdate. Thus, following the
standard predictor-corrector stressupdate procedure[24, 18, 6, 23, to cite a few] we write
the incremertal form of the constitutive equation follows

Yii i t=DEAC " DA T g (3.32)
Taking the time derivative of Eq. (3.32) yields
d¥%= D®d"i d,D%ngi ¢, D%dng; (3.33)

with
dng= 29 gy 3.34
T @ (3.34)
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Introducing Eq. (3.34) into Eq. (3.33) we get after somemanipulation

(D) Y%= d"; dngi ¢, 2 gy

@
. i @ ’ [ L .
(D%ﬂ+¢,zi d¥%= d"j d,ng;
’ 5 1
av= O iee, T (@i dng);
A
| {z }
D
D= (D®)it+e¢, —3
(%) e,
Writing the consistencycondition Eq. (3.16) in the rate form
s -
@ T
F= = i H =0
d @ d¥%j Hd, =0
provides .
T T 3
d, :Hi @ g N 9%
|Gy
nT
With the help of Eq. (3.40) Eq. (3.37) can be inverted to get
" #
;
d'= Dit+ 10 gy

Finally, applying the Sherman-Morrisonformula written in its generalform as

B l+rNT;
rNT

Bt = Ij ———;
' 1+ 1N

to Eq. (3.41) resultsin the desiredalgorithmic tangert sti®nessmatrix
mn #
Dnyn' D
d¥% = D g—T "
H+n Dng
I {z }

Dcons
Dngn'D
H+n'Dng

Dcons = D |

32

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

Note that usingthe above form of the instantaneouselasto-plasticsti®nessmatrix (D ")
instead of D ®P in the iterativ e solver maintains the theoretically proved quadratic corver-

genceof the Newton-Raphsonmethod.
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Figure 3.6: Von Misesfailure surface

3.4.4 Von Mises model

We begin our exposition to selectedconstitutive models with the Mises model primarily
dueto its simplicity. In geotetnical applications this model often senesas a substitute
for the Trescamodel [19]. Recallthat the Trescamodel is plotted as hexagonalcylinder
in the principal stressspace.The cornersof the Trescafailure surfaceimply singularities
in the yield function which have in the past causedhavoc when attempting to usethe
yield function for obtaining analytical solutionsto simple boundary valuesproblems. The
Mises failure surface on the other hand is smooth and plots as an in nite cylinder in
the principal stressspace. Its projections into the deviatoric and meridian planes are
displayed in Fig. 3.6. This gure further justi es the use of the Misesfailure surfacein
placeof the Trescamodel. It is alsoworth noting that in caseof Misesor Trescamodel the
onset of the yielding doesnot depend on the volumetric part of the stresstensor (mean
stress¥%, ), seeFig. 3.6.

Yield surface

Two yield surfacesare examinedwith the von Mises model. Assumingthe undrained
conditions the von Misesyield function can be written in terms undrained shearstrength
S, as

S (-
F(¥%-)=Jj “(_); (3.46)
Cosp
whereJ follows from Eq. (3.10). The vector of hardening parametersnow reducesto to
a single parameter - related to an equivalent shearstrain sud that - = °§(']. Seealso

Fig. 3.7 showving the bilinear form hardening law written in terms of shearstrength S,
and equivalert shearstrain °¢, specied by Eq. (3.14); u is a given value of the Lode's
angle. In particular, setting p = 8§ 3 results in a yield surface circumscribed to the
Trescamodel, seeFig. 3.6.

Dependanceof the shearstrength on the hardening/softeningparameter- callsfor the
derivation of the hardening/softening parameter H de ned by Eq. (3.22). To that end,
we start from the bilinear form of the stress-straincurve plotted in Fig 3.7. In a general
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Figure 3.7: Uniaxial hardeninglaw in shear.

caseof three-dimensionalstate of stressit is acceptableto write an ewlution of undrained
shearstrength S, in terms of equivalert plastic shearstrain °P (recall Eq. (3.14) to set

q
"% = (2=3("")' QPQ"™))?) as
Su(+) = Su(B) = SU+ hy %y (3.47)

whereh; < 0 is a hardening/softening parameter, respectively, and S? is the initial shear

strength. Using Eq. (3.22) together with Eqs. (3.46) and (3.47) readily provides

_dF dSs, d-
H = ds, d d (3.48)
where

dF 1

= j — 3.49
@y ' cos (3.49)
ds, ds,

= = h: .
J &2 1 (3.50)

Adopting strain hardening approad makes possibleto write an incremert of hardening
parameter d- in terms of plastic multiplier d, as

d ="d;: (3.51)
Next, recall that d- = d°§{1, assumeassaiated plasticity (F = G) and useEgs. (3.20)
and (3.5) to get
C3 1
d'? = d, = = d,-P% 3.52
d- = d°P = 2"p'T P "p'—p—l d,; 3.53
T eq ~ §( ) QPQ - 3 (3.53)
d- 1
= 7 = p=: .54
d 3 (559
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Figure 3.8: Hardening modulus dependson normal strength %.

After substituting for © from Eg. (3.54) and using Egs. (3.49) and (3.50) we nally arrive
at the desiredform of the hardeningmodulus H written as

o1 h
H=ij h | P= = p=——: (3.55)
3 3cosu

Just for the sake of completenessve now presert more commonform of the von Mises
yield criterion written in terms of the uniaxial tensile strength as

F=Jj Z%% (3.56)

where % is tensile yield strength. In analogywith Eq. (3.47) we assumeagain a bilinear
form of strain hardening plasticity and write an ewlution of the tensile yield strength as
function of a certain hardeningparameter - , seeFig 3.8, as

%() = %8 = R+ by By (3.57)

whereweset- = "B = 2("P)TQ"P, h, is hardeningparameter, ¥} is the initial normal

strength and the equivalert plastic strain "g'q represeis a uniaxial strain measure.With
the above de nition of yield function and hardeninglaw Egs. (3.48)-(3.50)and (3.54) now
become

y - G oe as
% - i3 (3.59)
%@@' = hy: 1 (3.60)
6 - -5 (3.61)
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Final substitution of Egs. (3.59) - (3.61) into Eq. (3.58) gives the constart hardening
modulus H in the form :

oo he
H=i hy |p—§ = 3 (362)

Tangent sti®ness matrix

To concludethis sectionwe presern a closedform of the tangert sti®ness-matrixfor the
asseiated von Mises model given by Eq. (3.56). Assumingisotropic material and using
the relation

% = %P%‘ (3.63)
A
gives
3 g 3 .
F g &F
= pd = = 1 3.64
. @4, . @ | i | ( )
3 @ T D¢P334 PD ¢
DeI @1 @1 DeI = 4J2 . (365)

wherel in Eqg. (3.64) is the shearmodulus. Finally, substituting the above relations into
Eq. (3.30) provides

DeP¥¥ PD® . APYH

Dep: Del . — :
' 432 + hy=3) ' J2(t + h,=B)

(3.66)

3.4.5 Druc ker-Prager model

If the results of laboratory tests are plotted in terms e®ecti rather than total stressthe
failure criterion becomesdependen on the hydrostatic or meanstress. Sud dependence
can be accourted for by using the Drucker-Pragerplasticity model.

Yield surface

The Drucker-Pragermodel can be thought of as an extensionof the von Misesmodel by
including the rst invariant of the stresstensor (meanstress)into formulation of the yield
surface. The Drucker-Prageryield surfacethen plots asa cylindrical conein the principal
stressspace. Correspnding projections into deviatoric and meridian planesappear in
Figs 3.9 and 3.10. Following [19 the Drucker-Prager yield criterion then assumesthe
form

F(¥:-)=3+ ¥i c(-1)cot’ (-)M( (-2)p =0 (3.67)

where J and %, are given by Egs. (3.10) and (3.9), respectively. Recall that vector
. = (-1;-,) storesthe hardening/softening parameters.

As with the von Misesand Trescamodels the radius of the Drucker-Pragercircle in
the deviatoric plane can be de ned by matching the Drucker-Pragerand Mohr-Coulomb
models at a particular value of Lode's angle . This is illustrated in Fig 3.10 wherethe
irregular hexagonof the Mohr-Coulomb surfacess comparedwith the circular shape of the
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Figure 3.9: Projections of the yield function and plastic potential functions of Drucker-
Prager model into meridian plane.
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Figure 3.10: Drucker-Pragerand Mohr Coulomb yield surfacesin the deviatoric plane.
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Drucker-Pragersurfacein the deviatoric plane. Three alternative Drucker-Pragercircles
are shovn. Assumingthat both surfacesmatch at p = j 3(P° (triaxial compression)we
arrive at the Drucker-Prager circle circumscribed to the Mohr-Coulomb function (green
circle). The correspnding value of M ;p reads

P 3sin’ _

M3 = Z——
JP 3i sin'

(3.68)

If we desirethe Drucker-Prager circle touchesthe Mohr-Coulomb hexagonat p = +30°
(triaxial extension- blue circle) we set the value of M ;p to

p—- .
_.on: 2 3sin'
p=+30 = — .
Mjp 31 sn (3.69)

Finally, the inscribed circle is found, see[19] for more details, when setting

i sin’
ms= S (3.70)
ins Sin o Sin
cosyins + SMp S

with

y" = arctan 3!.%; (3.71)

The model is completedby adopting a plastic potential function of the form
G=J+[¥%mi ap]Mjs =0 (3.72)

whereay,, follows from Fig. 3.9 when matching F and G for the currert value of stress¥a
This gives
M
ap= i ¥m + (%, i ccot' )M—;FF),:
JP
After substituting a,, into Eq. (3.19) the plastic potertial can be written in the form

G=J+ ¥ i % + (%, i ccot’ )% MPP =0 (3.73)

JP
whereM P is the gradiert of the plastic potential function in J | %, space(seeFig 3.9).
If MFP = M;p the yield and plastic potertial functions are the sameand the model
becomesassaiated. MF¥ can be related to the angle of dilation A, by substituting A
for ' in Egs. (3.68)-(3.70). As with the von Mises plasticity model we now proceed
with the derivation of the hardening/softening modulus H. To that end, considerthe
bilinear form of the hardening/softeninglaw for the cohesionc and the angle of internal
friction ' plotted in Fig. 3.11.In Fig. 3.11cj,;' in and Ges; ' res represen the initial and
residual valuesof c and ' , respectively. It is alsoevidert from Fig. 3.11that the vector

of hardening/softening parameters- now becomes

. — upl. .
() = (MEg &Y
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h. >0 hardening
Cin
hc<0  softening
Cres
I
| T 1/2
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hj >0 hardening
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hj <0  softening
J res
—

1/2
pl — T
95, = (2/3eIOI epl)
deviatoric part of the strain tensor

Figure 3.11: Drucker-Pragerand Mohr Coulomb yield surfacesin the deviatoric plane.
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Referring to Fig. 3.11and using Eq. (3.22) the hardening/softeningmodulus H assumes

the form & dc d & d d
- & ded. & d 0
"1 @d.id  @d.d 579
where
3 C dM;p
— = Mip + (¥ i t' ; 3.75
@ sz Map + (Fm i coot’ )— (3.75)
dF
dc = j cot' Myp; (3.76)
dc dc
— = = h ) 77
d-, --glq L (3.77)
d = d—l = hy: (3.78)
d-, q
Derivativesof M ;p with respectto ' for selectedvaluesof u are
dMjs 3" 3cos _ (3.79)
d' (3+ sin?' )z’
dM¥is g 3cos
d ~ (1§ sin')?’ (3.80)
dMm FE+30 * 6 3cos
= X .81
d' (1 + sin' )2 (3.81)

As in the previous sectionwe acceptthe strain hardening approad to write incremens

of the hardening parametersin the form
r r

1 2
4+ =

d, = d"E{ﬁ “d, = g(d"pl)TQd"p' = (MFP)2d,; (3.82)
] 3 3 9
— I — s — 2 n n — l .
d, = degq— od, = §(d PMTQPQ d"P = p—g d,; (3.83)
where r
d- 1 2
L = d_l = 3¢ §(MJPPP)2; (3.84)
, d-, 1
= = —_- 3.85
2 d. 193 ( )

The terms (d"P)’ QPQ d"?" and (d"?')' Qd""" are
(d"")’ QPQd"?

1 1
(55% P+ m MJT) QPQ (55P% + MITm)

1 1
= -—% PQPQP ¥% + 5% PQPQ M{Fm

4J2
+ m MPP QPQ % + m MJP QPQ MJ¥m
1 2J? 1
= % P¥%= = = I (3.86)

432 432 2’
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1 1 1
@d®)' Qd"? = (jo‘/;fp +m MEP)Q (55P% + MiZm) = ms/J PQP %

1 1

5%3 PQMPPm + m'MPP Q 57 P¥ m ' MP? QMPPm
1 1

5+ 3(M3E)% (3.87)

where connections(3.5) were usedto arrive at the nal results. Finally, substitution
of Egs. (3.75) - (3.85) badk into Eq. (3.74) readily provides the seartied form of the
hardening/softeningmodulus as

+

C dM;p°
M + (¥, | ccot'

H = ,1h1 cot'M ;p j ,2h2 (388)

Tangent sti®ness matrix

The instantaneoustangen sti®nesgnatrix follows from Egs. (3.30) or (3.45). The partial
derivativesof the yield function and plastic potential function with respect to stresscan
be found using the chain rule

F_GFC, T
@ O@n@ O ay
o= & _ GO Ea

’ @ @n @ Q@ @
Recallthat vectorsn and n g represem normalsto the yield and plastic potertial functions
in the stressspace,respectively. From Eq. (3.67) and (3.73) it is easyto shaw that

n =

(3.89)

(3.90)

o @ PP @F _ @
— = Myp; — = M;5,; — = — =1
@m @n F @ @
The valuesof @4, =@ and @ =@4 are model independert and are given by
@
= ; 3.91
@ m (3.91)
@ @i P¥): 1
— = —=——— = Py 3.92
@ @ 2" ( )
With the above expressionsve nally get
%4 = %P:V4+ M;pm,; (393)
% = %Pem MiZm: (3.94)

In addition, the secondderivative of ny neededto determine the algorithmic tangert
matrix D" is provided by

@, _ "3"ypyp; pyare.

@4 2 (¥ Py

(3.95)
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s, =0MPa — f=5" n=0175

¢ =10 Mpa S — =20 n=0175
— f=45° n=0175

Figure 3.12: Standard and modi ed Mohr Coulomb yield surfacesin the deviatoric plane.

3.4.6 Modied Mohr-Coulom b model

As shown in the previoussectionthe Drucker-Pragermodel plots asa circle in the devia-
toric plane,thusit is invariant with respectto Lode'sangle. Although assumptionabout
smaothed yield surfacein the deviatoric plane hasbeencon rmed experimertally, a shape
of the yield surfaceshows variation with respect to the third invariant. The well known
Mohr-Coulomb model is probably the most widely acceptedmodel that shows variation
with pin the deviatoric plane. Recallthat in the principal stressspacethe Mohr-Coulomb
model plots as a hexagonalcone. Howewer, as evidert from Fig. 3.10,it su®ersfrom the
samedrawbad asthe Trescamodel asit experiencescorners. To bring the modeling of
plastic behavior of soilscloserto convertional soil medanicsand yet avoid cornersof the
yield and potertial surfaceswe introduce a \Mo di ed" Mohr-Coulomb model having a
smoothed surfacewith a shape somewherébetweenthat of the hexagonsand circles.

Yield surface

The yield function is constructedin sud a way that it allows the presen yield surface
and the onethat corresppndsto the Mohr-Coulomb law to be matched at all cornersof
the yield surfacein the deviatoric plane. Seeral examplesare plotted in Fig. 3.12.



CHAPTER 3. CONSTITUTIVE MODELS 43

JA
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c cotgj ccotg] 9(q)
a
pp
Figure 3.13: Relationship betweenthe yield function and plastic potential in the modi ed

Mohr-Coulomb model.

The yield function that correspndsto smaoth surfacesn Fig. 3.12is de ned asfollows

F=3+ @i ccot’ ()R (2)=0; (3.96)
where a shape of the yield surfacein the deviatoric plane is descriked by
o' ) = @i + )M L+ () sinER) (3.97)
with +:3Ai 1'n_ _ 3+ sin' (3.98)
B A+1 3j sin' ’ '
The value of p Is related to Lode'sangle, Eq. (:?.'11)’ in t:&e form
A= u= %sini L i;%? : (3.99)

Recall that quartities 135 and J in Eq. (3.99) are found from Egs. (3.12) and (3.10),
respectively. The plastic potential of the modi ed Mohr-Coulomb model is assumedthe
sameas for the Drucker-Pragermodel (seeFig. 3.13).

" #
al")

PP
Mip

G=J+ ¥ %, + (3 i ccot') M =0 (3.100)
with M PP beinga constart. The seartied hardeningmodulus can be obtained by replac-
ing constart M;p in Eq. (3.88) by function g(f},' ). This gives

c

#
o~ 9" )+ (¥ i ccot’ )dg(p; ) :

H="1hy cot' g )i "zh, i

(3.101)
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The last term that needsto be evaluated is dg(H):d' . After somelengthy algebrait can
be expressedas follows

_ £
dg(P) 3f 21+np 3cos ,ﬁvﬁ
= — A P £ (3.102)
d 1+ SN 3(Ci 1)
1+C

[[sm (‘C. 1)]i 3J[sin' (C+ 1)|]‘+ sin' [3j 3C + sin' (C + 1)]]
(i 3+ sin' )2(3+ sin' ) (C+ 1)+ sin3RC i 1)

3+sin '

q
whereC = " 3 s

Tangent sti®ness matrix

The instantaneoustangert sti®nessnatrix canagainbe obtained by Egs. (3.30) or (3.45).
The required normalsto the yield and potertial surfacesnow become

F_GFon, GO, TFTAA

= 3.103
"T @ ene @@ Qo (3.103)
Ng = gl @?Z@é/fj gg (3.104)
Referringto Section3.4.5we immediately seethat
F O _ @ O@m_ 1_. @ @ @a _ ., pp
e ohe a ae WM ga M

To complete the formulation it remains to determine values of @?:@ and @z@a in
Eqg. (3.103). In doing so,we rst di®eretiate the yield Eq. (3.96) with respect to Hto get

@ o, D U
— = (¥mi ccot' )1 H"MIG (i n) 1+ ism(SQ} (31005(1{9)):

a

The term @z@ﬁis again model independent and it receivesthe form

@_ 1 asinEP.

@: 3coq3p @~

Next, using Eq. (3.99) we get after somealgebra

@in(@3) _ 3" 313(@3=@) i (3=2)31 2P,
@4 2 J6

Assuming again the plane strain conditions the term @3s=@: attains, with the help of
Eq. (3.12), the following form

8 9

E ? [%z + 25ySz i Sx(sy + S;)] %
@35 = p= [?/%2 + stsz i Sy(Sx + Sz)] .
@4 B i 2%42S, 2

sli 2%, + 28¢5y i si(Sx+ sy)]
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Finally, employing the above expressionsallows the two vectorsn;ng in Egs. (3.103) -
(3.104)to be written as

(Li H"MIG

1
n = —P%+g(m + (% | ccot' ) h ; £

2] . (n+1)

1+ +sin(30)
p_-
. 33 3 - 3 ’.

1

Ng = —5P%+ MiZm: (3.106)

3.5 Interface constitutiv e model

A proper modeling of soil{structure interaction requiresa suitable treatment of relative
movemernt of the structure with respectto the soilthat usually occurs. In the framework of
cortinuum medanics,the most appealingway of treating interfacesis the useof interface
elemens discussedin Section 2.3.4. The formulation of interface elemerts preseried
therein will be completedin this sectionby introducing an interface material model that
can be usedto simulate cortact betweentwo materials, e.g.,concretepile and soil.

In GEOmkp the interface material is basedon Mohr-Coulomb failure criterion with
tension cut o®, Fig. 3.14. An elastic{ rigid plastic responseof the interface material in
shearis assumed. Sudh a behavior is sthematically illustrated in Fig. 3.15(a) showing
a variation of the shearstressas a function of the relative tangertial displacemen In
tension or compressiona purely elastic responseof the interface material is considered.
When the tensile stress¥.exceedsa certain allowable strength limit Ry, the initial yield
surfacescollapsesto a residual surfacewhich correspndsto dry friction, seeFigs. 3.14
and 3.15(b).

3.5.1 Yield surface and stress update pro cedure

The mathematical represetation of the initial yield surfacedisplayedin Fig. 3.14is given
by
F=j¢+ Ytan' j c; (3.107)
where' and c are the angle of internal friction and cohesionof the interface material,
respectively. The direction of the plastic °ow dependson the shape of plastic potertial
surface. Here, a nonassaiated plastic °ow rule is assumedwith the plastic potential
function written as
G = j¢j + ¥dan A, (3.108)

where A is the angle of dilation. The angle of dilation cortrols the magnitude of the
irreversible (plastic) volume expansion. As stated in the previous paragraph, the plastic
responseis limited to shearonly which correspndsto the value of dilation angleA equal
to zero (volume preservingreturn mapping), seeFig. 3.14. Thus, setting A = 0 givesthe
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Figure 3.14: Failure surfacefor interface model
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t max Rt
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Figure 3.15: Constitutive model for interface
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normalsto the yield and potential surfacesEq. (3.31), in the form
Yo . Y Yo Y
I s 4 H N [
- B ' 9

@ tan' T @ 0

wherethe stressvector % follows from Eq. (2.54)

(3.109)

Yu=fe ¥y :

The normal to the plastic potertial function n g4 then providesthe direction of the plastic
°ow governing the return mapping algorithm. This algorithm is schematically depicted
in Fig. 3.14. In particular, whensolving a plasticity problem the analysisis carried out in
seweral load increments. To that end, supposethat stressesat statei j 1 are known and
we wish to proceedto a new stressstate i by applying a new load incremen. This step
resultsinto an incremert of the vector of relative displacemets ¢ [u] = f¢ [u];¢ [v]lg'.
The elastic\trial* stresseghen follows from

Jil+ Kst [ul'; (3.110)

L
Gr
' Wil+ Koe [v]': (3.111)

Y%

The particular form of ng4 just con rms the elastic responsein normal direction sothat
=%,

asevidert from Fig. 3.14. The shearstressthen follows from the yield condition (3.107).
Note that during plastic °ow the stressesnust remain on the yield surface. Therefore

Fl=j¢lj+ %Atan' j c= 0 (3.112)

Next, multiplying both sidesof Eq. (3.112) by the rst componert of ng, noting that
¢5¢élj = ¢ g¢lj and then solving for ¢ gives

o ¢ ;i
d=" % tan' +C .C_‘ir.:
Jxr)
Thus, in the absenceof pore pressurethe stressesat the end of the i load incremert are
givenby 4, g, Ve Yy va %
¢ =K, 0 '\ % tan' + c¢ aiad (3.113)
Y n 1 L 0 ' '

3.5.2 Tangent sti®ness matrix

Following [24] the algorithmic tangert sti®nessmatrix Eq. (3.45) can be found from the
expression

(3.114)
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Referringto Eq. (3.113)it becomesevidert that

M 1/20374ﬂ
@ Kn|[V]I 1 T 0 O’
3, = Kn ; (3.115)
[ul 01
@ ul
H Voo YA
@ (i %tan' + C) ér T ) T . .
1z 3/ 0 _ Ay a2
72 /& - ) (3116)
[ul 0O O
@ ¥
where
o 9 i
a1 = (i % tan' + ¢ @ID ar @‘“i
@U lér)  @u]
W @%tn +9 @ 4
N @  avlidi
After expandingindividual derivativesin the above expressionsve get
VR | ) S V1 o 9
@ 4 _ 1. 4@z o 1 dd
@y il Jéu] Jarliénl Jéur ] jarlicnl '
Py [l
@ 4;2 "9 - tany
&ri = KS!
@l
@i = Khq:
@]

Finally, introducing the above expressionsbadk into Eg. (3.116) and then adding to
EqQ. (3.115) provides the desiredtangert sti®nessmatrix in the form

) ) ' T AN
Doons — 8 1 KntanKn(Ctr_JCtrJ) : (3.117)

It is interesting to note that the sameresult will be recoveredif starting from Eg. (3.30)
and setting H = 0. In other words, there is no di®erencebetween the standard and
algorithmic tangert sti®nessmatrices for the selected®ow rule (A = 0).



Chapter 4

Solution strategies

The purposeof this sectionis to review the basic solution strategiesadopted in GMKP
for the solution of the nonlinear systemsof equations. Note that both the linear and
nonlinear systemsof equationsare solved employing standard direct solvers basedon the
Choleskydecomposition. Thus, usual skyline and double-skylinestorageare usedfor the
ertries of the structural sti®nesgmatrix in both symmetric and non-symmetricproblems,

respectively.
k
F, R A Mﬂ
k _ —k ok
k
Df, = DI " F A

A
Y
|
\

Figure 4.1: Incremental procedure:reasonfor out-of balancedforces
As typical for the analysisof nonlinear problemsa standard step by step incremenal

procedure(the total load canbe split into a setof incremerts) is adoptedin GMKP. Sud
approad, consiste with the nite elemen formulation givenin Section2, resultsin the

49
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plastic
corrector,

current yield

surface elastic

predictor

A - initial stress state
B - stress state after elastic predictor
C - stress state at the end of the plastic increment

Figure 4.2: Elastic predictor { plastic corrector approad

following set of governing equations
Kkeuk=¢fk (4.1)

whereK t; is the instantaneoustangert sti®nessmatrix, ¢ u; is the current incremen of
the displacemen eld and ¢ f ,k is the current incremert of the appliedload. The scripts k
andi stand for the current loadingincremert and the currert iteration step, respectively.
Sdematic represemation of this procedureis evidert from Fig. 4.1, in which ¢ | is the
coexcient of proportionality and the term F | R represems a vector of out-of-balanced
forces. It arisesas a direct consequencef the nonlinear behavior. Here, the attention is
limited to standard plasticity only. The reasonfor the presenceof out-of-balancedforcesis
explainedin the next section. The Newton-Raphsonand the Arc length methods needed
in the solution of Eq. (4.1) are discussedext.

4.1 Stress return mapping: an algorithm for stan-
dard plasticit y

One of the most important stepsin the nonlinear analysisis a correct evaluation of
the current stressstate. In the framework of incremenal solution processthe standard
predictor-corrector procedureis usually used. In sud a case the evaluation of the current
stressincremert is split into two steps. The rst step assumeselastic behavior of the
material. The resulting stress,however, may fall outside of the current yield surface. Sud
stressstate in unacceptableand must be brought bad to the yield surfaceasillustrated in
Fig. 4.2. This step generatesa new incremer of the plastic strain and is usually termed
the plastic corrector.
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Figure 4.3: Stressreturn mapping algorithm

4.1.1 Cutting plane algorithm

To determinea newincremern of plastic strainsand the newcurrent stressstate, the return
mapping algorithm must be applied. A popular method of attack is an explicit algorithm
resulting from a Taylor expansionof the yield function around the current valuesof stress
and hardening parameters. This approad is called the tangert-cutting-plane algorithm
and the interestedreadermay consult [17, 18] for more details. The essetial points of
this algorithm are reviewed below.

To proceed consider the k™" load increment and the i" iteration step within this
incremernt. The goal is to satisfy the yield condition at the end of the i j th iteration.
A one-dimensionalilustration of the return mapping algorithm appearsFig. 4.3. After
expandingthe yield surfaceat the end of the i"" iteration stepvia Taylor seriesexpansion
we arrive at the estimate of F (¥£; - ¥) in the form

@. i ¢
F(3/4k;j +1;'ik;j i) = F(%Ifj;'!(;j)‘*@h/% ¢3/4k;j+1i ¢%51'
@ . i ¢
toll Chiait =0 (42

To continue, recall Egs. (3.20), (3.22%, (3.24) and (3.31) to get 3

F(%;'j)+anDe|4iI"j+1{i' ¢"}i (¢4 i ¢>j)ng:1'5
=0

i Hj (¢ .20 €,5) =0 (4.3)
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Note that scripts k; i wereomitted for brevity. Eq. (4.3) now readily providesan estimate
of the current incremert of the plastic multiplier ¢ ,; in the form

5

F(%;- )
njTDeng; + H;’

C,j+s1=0C,; + (4.4)
It remainsto mertion the subscript j that implies an iteration within a single return
mapping step. This is attributed to the fact that the hardening/softening parameters
- and therefore also the hardening/softening modulus H may in generaldepend on the
currernt state of stresswhich is not known a priory. Note, howewer, that if the modulus
H remainsconstart during the return mapping then the algorithm cornvergesin a single
step. The ertire algorithm is summarizedin Table4.1.1.

Table 4.1: An algorithm for standard plasticity (k™ load incremen, i equilibrium iter-
ation)

1 For ead integration point compute:
2 yfial = 3., + D¢ (trial stress)
3 if F(3@;.0). 0

4 then plastic state: setj = 0;¢ , o= 0; % = ¥'@

F(¥5- i)
njTDeng; + H;

dof ¢, ju =¢ 4+

3743 +1

i G ¢ D% ng;
1= ot 0
j=j+1

g while F (%) , "

¢ . k=¢,; ;% =%

5 elseelastic state: ¥ = '
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Figure 4.4: Standard full Newton-Raphsonmethod

4.2 Newton{Raphson method

The Newton-Raphsonmethod is the most frequertly usedmethod for the solution of non-
linear nite elemen equations. The standard full Newton-Raphsonmethod, the modi ed
Newton-Raphsonmethod and the initial stressmethod are implemerted in GMKP.

4.2.1 Standard Newton{Raphson metho d

As intimated in the introductory part of this chapter the basic equationsto be solved in
nonlinear analysisare
Ffi R¥=0, (4.5)
whereF ¥ is the vector of externally applied nodal forcesat the endof ki th loading step
and R¥ is the vector of nodal forcesfound from the elemen stressessuc that
z
R¥=Ale  B¥ dv: (4.6)

Ve

Fig. 4.1 suggeststhat Eq. (4.5) might not in generalbe ful' lled at ewvery step of the
solution process sincethe nodal forcesR ¥ dependnonlinearly on the nodal displacemets.
Therefore,an iteration is required within a givenload incremen. The iterativ e procedure
as shown in Fig. 4.4 arisesfrom the consisten linearization of the nonlinear responseof
the nite elemen equationsat iteration ij 1. The consisterly linearizedtangert sti®ness
matrix is thereforeformedat the beginningof every iteration step. The resulting iterative
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schemereads

¢fi, = F*i R{ (4.7)
K Cui = ¢f g (4.8)
u = uf,;+¢uj; (4.9)

uf = ukil REK = RKilz) ¢f,=FK; Fhilseflil  (4.10)

Vector ¢ f X ! represetts the out-of-balanceforcesfound at the end of the previousloading
that are linked to the selectedsolution accuracy".

4.2.2 Modied Newton{Raphson method

Recall that the full Newton-Raphsonrequiresan asserbly and factorization of the tan-
gertial sti®nesamatrix K 1 for ead iteration, which might prove to be rather demanding
in terms of computertime. The basicidea of the modi ed Newton-Raphsonmethaod is to
reducethis e®ortsud that a new tangert sti®nessmatrix is formed at the beginning of
the current load stepand then is kept constart for all subsequeniteration steps. Eq. (4.8)
then receivesthe form

KEkeui=¢f, (4.11)

The algorithm is summarizedin Fig. 4.5. As evidert from this gure the pay-o® in
reducing the computational cost per iteration, howewer, may be spoiled by an excessie
increasein the number of iterations.

K
F R A T0
Kro

A I Df - imbalance

DI - F forces=F - R
surcharge
o F - load
DIl - size of the
load step iteration of R - internal
equilibrium forces
Du
- >
Up u; Uz u - displacement

Figure 4.5: Modi ed Newton-Raphsonmethod
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4.2.3 Initial stress metho d

To further reducethe computational cost one may usethe initial elastic sti®nessmatrix
K ® throughout the ertire iterativ e process.Thusit is necessaryo asserbly and eliminate
the sti®nessmatrix only one. Eq. (4.8) then becomes

Keleu=¢f o (4.12)

The algorithm is summarizedin Fig. 4.6. Note a very slow corvergenceof the iterative
processcomparedto the full Newton-Raphson.

F R A %(Ka
TDf- imbalance
DI - E forces=F - R
surcharge
DIl - size of the
load step iteration of F - load
equilibrium .
R - internal

Do forces
. ‘ »

Up U Uz u - displacement

Figure 4.6: Initial stressmethod

4.2.4 Optimal step-length (line search)

The principal idea behind the line searty method is to nd a scaling factor ~ of the
currert incremert of the displacemen “eld ¢ u¥ sud that the stationarity of the total
energy functional is presened at the end of ead iteration step. Supposethat a new
displacemen u¥ at the end of the iteration stepi is expressedas

UK =uf  + tug (4.13)

Recall Eq. (4.9) in which ~ is assumedto be equalto one. Next, introducing Eq. (4.13)
into stationary condition of the total potential energyat the end of the i j th step gives

@ ui() @, _
@) @~

HOUC) = A uf ey = 0: (4.14)
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. DR(ui.1 )Bu;i = s(0)

h . CRR
- L — DR(u;.1 + Duj)Du; = s(1)

Figure 4.7: Line seart method

Since
@ ui() 2
ar()y ~ HO) #29)
k
% = Cuj; (4.16)
we get
Huk()=¢f ,(Neut =0 (4.17)

Thus the stationary condition (4.14) correspnds to the condition of zero work of out-

of-balanceforceson the displacemen incremert ¢ u;. Eq. (4.17) does not needto be

solved exactly. An estimate of the scalingparameter” can be found from a simple linear

interpolation as displayed in Fig. 4.7. Referring to Fig. 4.7 the rst estimate of * is
provided by

_ s |

EEOREC)

A recursiwe application of Eq. (4.18) then leadsto a more accuratevalue of *, seeFig. 4.7,

(4.18)

, . i s(0)

i1 = i 4.19
SRR @29
Iteration in Eq. (4.19) is usually terminated when the ratio

ISi+1]
JSo]

< 0:8;

is readed. Clearly, the line searth method can either damp (" < 1) or accelerate(” > 1)
the speedof analysis. The latter option, howewer, is not recommended.Details can be
found in [8].
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4.2.5 Convergence criteria

An additional ingrediert of the successfuimplemertation of iterative methods arerealistic

convergencecriteria to terminate the iterativ e process.In particular, at the end of ead

iteration step, it shouldbe chedkedwhetherEq. (4.5) is satis ed within presetcorvergence
criteria. The following criteria are implemerted in GMKP:

S
T .
p U ¢T“' "y (4.20)
j:1¢Uj ¢Uj
s
¢f.Tef,
AL L E 4.21
¢f0T¢f0 f ( )
S T
pfUi el " (4.22)

o tuTef g

where "4;"t;"e are preset displacemen out-of-balance forces and energy corvergence
tolerance,respectively. The rst criterion naturally requiresthe displacemen at the end
of iteration to be found within a certain tolerance,while the secondcriterion is a measure
of the state of equilibrium at the end of iteration givenin terms of out-of-balanceforces.
The precisioncan also be measuredby the work of out-of-balanceforceson the current

displacemen incremert as suggestedby the third criterion. This is a rather appealing
criterion asit iswritten in terms of both the displacemets and forces. Similar corvergence
criteria are proposedin [2].

Note that the selectionof valuesfor individual tolerancesmay be crucial for the success
of computation. Setting thesetolerancestoo large valuesmay lead to inaccurate results,
while selecting rather small values may result in time consuming iterative processin
seard for unnecessaryaccuracy Also note that there is no guarartee that the process
will corverge either due to the excessie number of iterations or due to the divergence.
Therefore,an appropriate divergenceche to terminate the iterativ e processand restart
option should be built into the solwver, sothat it is possibleto repeat a failed incremen
with a shorter step. This is alsothe solution strategy in GMKP.

In particular, the solution is start with somepresetincremen of the applied load. If
the solution divergesor fails to corvergefor a given number of step iterations, the load
incremert is reducedand the solution is restarted from the last corverged step. The
divergencein GMKP is chedked against the out-of-balanceforces. If the norm out-of-
balanceforcesEq. (4.21) increasesin two successig iterations, the iterative processis
thought to diverge,the iteration is terminated and the solution is restarted. Similarly, if
the number of iterations neededfor the convergencds lessthen a certain presen number,
the load incremert can be increasedto acceleratethe solution process. This option,
howewer, should be usedwith caution.
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4.2.6 Additional remarks

Sincethe Newton-Raphsormmethod and the closelyrelated techniquesdiscussedgreviously
are widely used,we concludethis sectionwith seeral usefulremarksto shedthe light on
the applicability and use of thesemethods. Further details can be found in [2, 4].

2 The advantage of thesemethodsis their applicability in the solution of time-dependent
problemssud asconsolidationand in the problemswherenon-proportional loading
is to be applied.

2 Figs. 4.4{4.61llustrate an iterativ e processfor a singledegreeof freedomthat shavs
rather good corvergencecharacteristics. For more complicatedproblemswith many
degreesof freedomthe corvergenceof the iterative procedureis not generally as-
sured. The major properties of the full Newton-Raphsonmethod, seee.g. [2] for
more details, suggestthat if the current iterativ e displacemehn is closeto the \ex-
act" oneand if the current tangert sti®nesgmatrix consisten with the stressupdate
procedureis nonsingularand with no abrupt changes,onemay expect quadratic con-
vergence.This property, howewer, is lost with two other techniques. Thus the use
of full Newton-Raphsonmethod is strongly recommended.

2 Generally, the choiceof the method dependson the degreeof nonlinearity. Whenthe
nonlinear responseincreaseshe method that allows frequen sti®nessupdate sut
as the full Newton-Raphsonmethod should be used. Even if the problem shows
a monotonic corvergencethe simpli ed methods, e.g., initial stress method may
fail due to excessie number of iterations neededfor convergence.This conclusion,
however, is not universal as there exist problems for which the modi ed Newton-
Raphsonor initial stressmethod work well. If this is the casethen the simpli ed
methods becomeparticularly attractive as they lead to substartial reduction of
the computational cost (recall fewer or none sti®nessupdatesinvolved in modi ed
Newton-Raphsonor initial stressmethod, respectively)

Someof the remarks discussedabove will be now illustrated on seeral examples.As
the rst examplewe considera simple problem of uniform strip loading applied to the
°at ground. Geometry, loading and boundary conditions are evidert from Fig. 4.8(a).
Material parametersof the selectedsoil are listed in Table 3.44. The Drucker-Prager
plasticity model wasselectedo represen the soil behavior. The resultsappearin Figs.4.9.
Fig. 4.9(a) shows deformation pattern and spreadof plastic deformation given in terms
of equivalert plastic strain obtained with the full Newton-Raphsonmethod. The blue
color represems a regionwith the highestplastic strain, whereasthe dark red color marks
the elastic region. The results displayed in Fig. 4.9(b) were found with the initial stress
method. The deformation pattern and the distribution of the equivalert plastic strain
correspnd to 87.5%of the total appliedload. This is the result of the lack of convergence
due to excessie number of iterations required. The total applied load was not readed
evenwhensubstartially reducingthe load incremen. On the cortrary, no dixculties were
encourtered when employing the full Newton-Raphsonmethod.
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Table 4.2: Material properties of selectedsoil

\ H E [MPa] \ ° \ c [MPa] \ "9 \ A ] \ ° [KN/m 3] \
strip loading 25 0.35 10 25 0 20
excavation 25 0.3 10 20 0 20

Table 4.3: Per cert of the total applied load reated

Lack of corvergence Newton-Raphsonmethod | initial stressmethod
“ne mesh- 3rd level of excavation 87.5% 81.5%
coarsemesh- 4th level of excavation 56.25% 25%

Similar conclusionscan be drawn from the secondexampledewted to the excavation
problem. SeeFig. 4.8(b) for the respective geometry and assumedexcavation steps.
Figs. 4.10display the results derived with relatively ne mesh (averagesize of elemen
equalapp. to 1m was selected). As in the previousexamplethe in°uence of the number
of sti®nessupdates on the nite elemen responsewas examined. The results provided
by the full Newton-Raphsonmethod appear in Fig. 4.10(a). Fig. 4.10(c) then shaws
the respective results found employing the initial stressmethod. Despite the method
selection,however, it is evidert from Figs. 4.10that the lossof stability occurredin the
3rd stage of excavation. The deformation pattern and the spread of equivalert plastic
strain correspnd to the per cert of the total applied load (amourt of excavated soil)
readed in the third stage of excavation, seeTable 4.3. The resulting slip surfacein
Fig. 4.10(a) manifestedby the localized plastic deformation is clearly visible. As in the
previousexample,the initial stressmethod wasnot ableto reat the samelevel of load at
convergenceasthe full Newton-Raphsonmethod primarily dueto the excessie number of
iterations needed. Neither method, howeer, provides a reliable estimate of the collapse
load. Sud a problem can be well treated only with the help of the Arc-length method
discussedn the next section.

The last exampleis concernedwith the e®ectof the nite elememn meshre nemert on
the prediction of material response. In doing so the relative elemen sizewas increased
up to two meters. The correspnding material responseis shavn in Figs. 4.11. Note that
larger elemens force the plastic regionto spreadover a larger areaof the nite elemert
mesh. As a consequencghe point of instability wasmovedto the 4th stageof excavation.
Thus, in this particular case,an increaseof the elemen size largely overestimatesthe
value of the collapseload. Proper selectionof the nite elemen meshis thereforea very
important task and plays a key role in successfulind reliable modeling of the material or
structural response.
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Figure 4.8: Problem setup: a) uniform strip loading, b) excavation
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(@)

(b)

Figure 4.9: Strip loading: a) full Newton-Raphsonmethod, b) initial stressmethod
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(@)

(b)

Figure 4.10: Excavation with ne mesh: a) full Newton-Raphsonmethod, b) initial stress
method
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(@)

(b)

Figure 4.11: Excavation with coarsemesh: a) full Newton-Raphsonmethod, b) initial
stressmethod
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4.3 Arc-length metho d

In situations wherewe seekfor the unknown collapseload, e.g., stability analysisof earth
slopes, the Newton-Raphsonmethod introduced in the previous sectionsmay experi-
encerather poor behavior. This can be attributed to the fact that the solutions by the
Newton-Raphsonmethod and closelyrelated techniquesare driven by load incremerts.
The dixcult y that arisesaround the collapsepoint can be overcomewhen driving the
solution by displacemen incremerts. This is the essetial ingrediert of the arc-length
method discussedhereafter. In particular, the method xes both the loading and dis-
placemen at the end of the current load incremert by introducing a scalar multiplier
that cortrols the magnitude of the applied load. The load multiplier now becomesan ad-
ditional unknown and calls for introduction of additional equation for its determination.
There exist se\eral constrairt equationsin the literature employed for evaluation of ,
what follows the constraint equationsthat arise from so called spherical (Cris eld) and
linearized arc-length methods will be reviewed asthey are implemerted in GMKP.

4.3.1 Spherical ALM (Cris eld)

DL - arc length
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Figure 4.12: Arc length method with sti®nessupdate after ead iteration
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The basicideabehind the arc-length method is bestunderstood from Fig. 4.12. A funda-

mertal assumptionof the method is that the load vector varies proportionally during the

analysis. To that end, supposethat the solution processis split into seweral construction

stagesand denote the external load applied up to the beginning of current construction

stages ass 'F. The total load F = SF = Si'F + F represen a certain \reference" or

expected load vector at the end of the current load stages and F is the correspnding

referenceload incremert applied at the beginning of the s-stage. The goal now becomes
to determine a fraction , of the applied load F sud that the vector of out-of-balanced
forces¢ f = g corvergesto zeroin someappropriate norm measure,Section4.2.5, at

the end of the current construction stage, Fig. 4.12. Individual vectorsand parameters
introducedin Fig. 4.12are:

2 F { total load applied in a given solution stage.

2 SE = silF + F { total load expectedat the end of a given solution stage.
2 silp [ |oad applied up to stage(si 1).

2 «art { fraction of F at the beginning of a new load increment.

2 k= k. .+ ¢ K{ fraction of F at the endof the i iteration within the k™ load

> i s start
Incremen.

Rstart = , SarF + S IF { internal forcesat the beginning of a new load incremert.
2 g, { out-of-balancedforcesat the end of the i™" iteration.
2 9 =91+ % F { loadincremert in the i jteration.

The starting point of the method is an incremenal expressionof a di®erertial of the
arc-length that providesthe additional constrairnt equationis given by

“2¢u;"Cu;+ 2¢,2FTF = ¢L? (4.23)
where

2 ¢ L { represets aradius of a sphericalhyper-surfacein (u;, ) (standard arc-length
method as introduced by Cris eld in [8]; when setting = 0 =) ¢L becomes
a radius of a cylinder (Cylindrical ALM)). This parameteris an a priory set step
length and senesto evaluate a correspnding fraction of the current load incremert
¢ , . Note that the selectionof this parameteris essehial for the succes®f solution.

2 { is a scalar parameter describingthe ratio of selectedscalesfor , and u. The
default setting in GMKP is = 0. When - optimize option is chosenthen  is
setto the Bergancurrent sti®nesgparameterintroduced later in this section.

2 * { is a scalar parameter which comesfrom the line searty method, recall Sec-
tion 4.2.4.
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With the help of Eqg. (4.23) the graphical represemation of iteration processdisplayed
in Fig. 4.12 can be put forward in mathematical terms as follows. Supposeyou wish to
determine+u;; i = 1;2;:::n, in the k" load incremert. Referringto Fig. 4.12we have

i ¢
U, K'iri(uiil)lgiiﬁ"'i,ilz ; (4.24)

{
|Si 1F + {2. lF mec}Pi Rii 1

medanical part of the total appliedload

= |<iT1(U{'21)9ii]4+i,ir<iT_l(\{12L)F}? (4.25)
Wi 1V,
H; = iWi+ihiiVi :) ¢Ui = ¢uii1+ Hu;: (426)
Next, set
¢,i:¢,i11+i,i; (4.27)

and introduce Eq. (3.27) into Eq. (4.23) to get

L? = “2fe¢uj o+ 2w+ 4vigT fC U 1+ 2w + £ 3vigQ
+ “2f¢ . .F +xFgTf¢ ;. F + xFqQ: (4.28)

s 1 s i

Rearrangingthe above equationto collect the terms %, ; with the samepower gives

At 2+ agt,  + ap = 0 (4.29)
where
a, = “2avTav, + 2FTF ¢ (4.30)
ar = '2;f¢Ui11+ i‘WigTiVi{JfZi‘Vinq:UnlJf i‘Wig}i,i+2¢,ii1_2FTF(4-31)
&vin¢uii1+ twig
a = “*feu;+rwigTfeu;  +2wigr ¢, 7 FTF G L (4.32)

Two casesare possiblewhen solving Eg. (4.29) for unknown £ ;.
2 Both roots +, 4; %, , arereal, or
2 both roots +, ;; + , areimaginary, see[4].

When the latter possibility occurs,the computation must be restarted with a shorter step
¢ L. As for the real roots it is necessaryto choosewhich oneto use. In GMKP the one
which maximizesthe angle# found from

¢cL

is used. A completealgorithm requiresto determinea starting value of ¢ Lo. In GMKP,
the magnitudeof ¢ L, canbe either prescribed manually, or dependingon the prior history

COS# = (4.33)
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of iterations the value of ¢ L found at the end of stages 1 canbe usedasa initial value
of arc-length step in the s-stageor it can be estimated from a prescribed load incremen
¢, 0. The latter procedureis preserned next. To begin set

t0=0 Wy = 0;

and write
Hg=CuUp = ¢,0KiTl(Ustart)F3 (4.34)

From Eq. (4.29) it follows that

a = a=20
a = ,ZZE}TO_T{Q:UO-I- ¢C,52FTFj ¢LZ= O
Z¢,0ﬂ1

KiTl(U start) F

Finally, solvingfor ¢ L, from Eq. (4.29) we get

p —
¢ L0: ¢50 'zi\/lTi'\/1+ ¢ 2FTF: (435)

The subsequet magnitude of ¢ L depends on the history of iteration and may either
increasedor be reducedif corvergenceditculties are encourered. This strategy is also
adoptedin GMKP.

Some nal remarks should be made regarding the choice of the structural sti®ness
matrix. In analogy with the Newton-Raphsonmethod the matrix K can be updated
either at ewery iteration (full Newton-Raphsonmethod) or at the beginning of a new
load increment (modi ed Newton-Raphsonmethod) or can be xed throughout all load
incremerts in a given stage of construction (initial stressmethod). CompareFigs. 4.12-
4.14.

4.3.2 Linearized ALM

A simpli ed version of the arc-length method was proposedby Ramm, [21]. It assumes
that the iterativ e changeof (tu;; %, ;) is perpendicularto the secam vector (¢ u;; 1; ¢, i; 1).
The linearized step-length constrairt +, then follows from the formula

- T
¢ u;, 3w,

+ . = :
'Teul avi+ ¢, 2FTF

L

(4.36)

Note that the ditcult y with the selectionof the root from Eq. (4.29) is avoided. The
method, howeer, though more simple than the Cris eld method is not as robust as the
full ALM.
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4.3.3 Automatic step-length control

An automatic procedurethat adaptively cortrols the value of the step-length depending
on the history of iterations canalsobe very valuableand in favor of the succes®f compu-
tation. The literature o®ersse\eral formulaeto self-adaptively adjust the value of ¢ L for
every new load incremen. In GMKP the formula advocated by Ramm is implemerted.
It receivesthe form s

=13

¢cL=¢Lk?

s (4.37)

Sx

wherel fi 1 is the number of iterations neededfor corvergencein the ki 1 load step, while
brf represens the number of iterations requiredin the k™ load increment. Although this
formula provedto be quite usefulin many problemsdewted to the analysisof the collapse
responseof structures it is not universaland may fail in somesituations. Inexperienced
user should usethis option with caution.

Accelerationor damping of the iteration processcanbe further cortrolled through the
Bergancurrent sti®nesgarameter|[3, 4] given by

Ski 1

C= Skiz;

(4.38)

where, e.g., S¥i ! provides a scalar measureof the structure sti®nessat the end of the
ki 1load stepand is provided by

Ski - ¢ . Ki lFT¢ uki 1.

(¢ uki l)T¢ uki 1°

(4.39)

The value of C can be then usedto adaptively adjust the parameter for a new load
incremen sud that
K=cCcTHh (4.40)

Recall that parameter is a scaling factor represeting a ration of selectedscalesfor
, and u. The larger the  the larger the importance of the loading space. If ~ is
set suxciently large the solution processis essetial driven by the load cortrol. Sud
a choice is justi able in the initial stage of solution. When the degreeof nonlinearity
increasesor the collapseload is approaded, this parametershould be e®ectiely reduced
as suggestedby Eq. (4.40). Setting = 0 (cylindrical ALM) forcesthe solution to be
driven predominately by the displacemen cortrol. For inexperienceduser, this option is
recommended.

4.3.4 Additional remarks

As for the Newton-Raphsonmethod there are certain drawbadks as well as advantages
when using the arc-length method. Those pertinent to geotedinical engineeringare dis-
cussednext.
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Drawlacks recall that the application of arc-length method requiresthe load to change
proportionally. This meansthat a load incremert or a portion of the total applied load
can be written as

¢CF = ¢,F
Fi = iF:

Although in static problems such requiremern does not usually causeany trouble, it
becomesa se\ere limitation in the time dependert problemssud as consolidation. In
particular, this method becomesnappropriate when assigningdi®eren time histories to
various loadswithin a single construction stage. Sudt a task can be satisfactorily solved
only with the Newton-Raphsonmethod.

Advantages the arc-length method is particularly useful in problemsthat involve the
seard for collapseloading sud stability problems. Note in stability problemsthe load
leadsto lossof stability is not known a priory. Figs. 4.15show the application of the arc-
length method to the excavation problem introducedin Section4.2.6. As in the previous
example,Fig. 4.15(a)displays results found with a relatively ne mesh,while Fig. 4.15(b)
shawvsthe sameresultsobtainedwith rather coarsemesh. In both examplesthe cylindrical
ALM, (" = 0), combine with full NRM, seeFig. 4.12, was used. Comparisonwith the
full Newton-Raphsonmethod in terms of the per cert of the total applied load reacded
at failure appearsin Table 4.4. Evidently, both the NRM and the ALM detected the
samecollapseload when employing the ne mesh. Howewer, when using the coarsemesh
the NRM over-predicts by large the load at failure. Newertheless,this result is rather
surprising as one would expect the NRM to fail due to corvergenceproblems before
reading the collapseload predicted by the ALM. Here we presen theseresults mainly
to highlight problemsencourtered in the numerical analysisof structures loaded closeto
collapseor limit loads.

Table 4.4: Per cert of the total applied load readed

Lack of corvergence | NRM - FM | ALM - FM | NRM - CM | ALM - CM

3rd level of excavation 87.5% 87.7% 98.1%

4th level of excavation 56.25%

FM - ne mesh

CM - coarsemesh

NRM - full Newton-Raphsonmethod

ALM - cylindrical ALM with full NRM for the sti®nessupdate
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(@)

(b)

Figure 4.15: Excavation with cylindrical ALM conmbined with full NRM: a) ne mesh,b)
coarsemesh



Chapter 5

Miscellaneous topics

Seeral miscellaneousopicsthat may cortribute to the clarity of the program performance
are discussedn this section. In particular, we addressthe problem of stability of earth
slopes,generationof initial geostaticstressesand implemertation of unloading-reloading
procedure. This is an open sectionand might be further modi ed.

5.1 Stabilit y analysis of earth slopes

Seweral examplesdewted to the stability analysisof earth slopes are presened here to
promote the applicability of relatively simple plasticity models discussedn Section3.4.

The stability analysisimplemerted in GMKP draws on the assumptionthat the forces
generatedby the selfweight represem the only sourceof loadingand areappliedin a single
incremert to an initially stress-freeslope. It hasbeenarguedin [14] that, in comparison
with limit equilibrium solutionswhich in generaldo not accourt for loading sequencethe
predictedfactor of safety derived from simple plasticity models(Drucker-Prager,modi ed
Mohr-Coulomb) is insensitive to the form of gravity application, thus justifying the useof
gravity turn-on procedure. To arrive at the desiredvalue of the Factor of Safely (F OS) we
follow the method called the sher strengthreduction technique With this procedurethe
F OS of asslopeis de ned asthe factor by which the original shearstrength parametersc;’
must be reducedto adchieve the slope instability. This de nition of the FOS is therefore
idertical to that of simple limit equilibrium methods in that, that it is de ned as the
ratio of restoring and driving momerts (see[14] for additional discussion).It follows from
above that the value of F OS is computed, e.g.,as

tan' real
FOS =

- tan' failure : (5'1)

To ched the in°uence of individual parameterson the slope stability one may chooseto
either one of the two parametersor both parameters.If the latter option is selectedthen
both ¢ and A parametersare scaledwith the samescalingfactor. The analysisproceedsn
suct a way that if the solution corvergesfor given magnitudesof soil parametersc;' then

72
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Figure 5.1: Loading and boundary conditions for stability analysis.

the parametersare reducedand the solution is restarted with new valuesof c;' given by

G scale Gi; 1;
i scale' i 1; scale< 1 (e:g: 0:9):

This procedureis successigly repeated until instability, manifestedby no convergence,
occurs.

Se\eral exampleproblemsare discussedo illustrate the method performance.Loading
and boundary conditions commonto all problemsare plotted in Fig. 5.1. In all casesthe
analysisassumelastic-perfectly plastic behavior of a soil sothat no hardening/softening
in involved. The material parametersare listed in Table5.1. The non-assaiated Drucker-
Prager model with the parameterM;p evaluated at p= 3 and dilation angleA = Q° is
usedto derive the seartied F OS.

Table 5.1: Material properties of selectedsoil

E[MPa]| © | c[MPa]|" [PI[AP[° [KN/m?J
25 03] 10 | 20| O 20

As a rst examplewe assumeda simple slope geometrydisplayed in Fig. 5.1. In this
particular case,no corvergencestopping criterion was activated whenthe F OS exceeded
the value of 1.44which agreeswell with the result provided by the Sarmamethod. The
correspnding deformedmeshappearsin Fig. 5.2. Sud a graphical represemation which
allows better understandingof the failure medanismsis a further advantage of using the
Finite Element Method over limit equilibrium approades.

The last set of examplesis usedto examinesensitivity of the elemen sizeon the nal
response. The following conclusionscan be drawn. First, a reliable solution that is very
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Figure 5.2: Deformedmeshcorrespndingto FOS = 1.44

closeto the failure can be achieved with corvertional nite elemens basedformulated on
the basisof classicalcortinuum theory. In particular, 6-noded triangular elemers with 7
integration points wereusedin this study. Next, the resulting F OS is virtually insensitive
to the coarsenessf the nite elemen mesh. As evidert from Fig 5.3 evenwith relatively
coarsemesha satisfactory value of the FOS can be attained. The results also suggest
ewlution of localizedregion even beforethe peak of stress-straincurve is readed (recall
elastic-perfectly plastic assumptionof the soil behavior). This regionis, howewer, highly
dependert on the nite elemem mesh. Figs. 5.3 - 5.6 show plots of the equivalert plastic
stress"g'q. The dark red color correspnds to elastic region while the blue color marks
the region with the highestvalue of g'q The meshsensitivity to localization of inelastic
deformation is one of the drawbadks of the cortinuum theory basedapproades.

5.2 Ky procedure to generate initial geostatic stress
State

It is often desirableto generatean initial stressstate that di®ersfrom the one provided
by standard elasticity analysis. It is a well known fact that in the rock analysisthe lateral
earth pressureoften exceedghe vertical stressas a consequencef various deformation
processeghat took placein the past. Sud a stressstate, howewer, cannot be attained
for a generalclassof materials whenadopting classicalconstitutive equationsof elasticity.

Recallthat in the caseof linear elasticity the following relation holds
o

1 °

where% and % represem the lateral and vertical normal stress,respectively and © is the
Poissonratio. Eq. (5.2) can be generalizedto get

¥4 = Ko¥%; (5.3)

g =

% (5.2)

whereK is known as coe+cient of lateral earth pressureat rest. Thus setting
o

Ko= :
0% i o

(5.4)
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Figure 5.3: Selectedmeshand correspnding deformation pattern, FOS = 1.60.

Figure 5.4: Selectedmeshand correspnding deformation pattern, FOS = 1.58.

Figure 5.5: Selectedmeshand correspnding deformation pattern, FOS = 1.55.

Figure 5.6: Selectedmeshand correspnding deformation pattern, FOS = 1.58.
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corresppndsto standard elasticity approad. The third principal stressfollows from the
geometricalsymmetry
Vs = ¥4 = Ko¥: (5.5)

The stress¢yy is obviously zero.

Adopting Eq. (5.4) the K variable may in generalattain valuesranging from 0 to 1.
To overcomethis limitation the program GMKP o®ersan option calledK - procedure that
allows an arbitrary selectionof K, when generatingan initial geostaticstressstate prior
to any construction stage(stressstate that existsin the earth body prior to any mankind
activities). This option, howewer, should be used with caution. In general, combining
Ko - procedure with externally applied loading, anchors, water and other external e®ects
in not allowed in GMKP. In sudh a caseone should usethe standard approad with the
possibility of including inelastic deformation of soils or rocks.

5.3 Unloading { reloading

A treatment of unloadingin geotetinical problemsdeseresa specialattention. Regardless
of the current deformation state the unloading may either follow the path consister with
the primary elastic loading (type 1 of unloading in Fig. 5.7) or the increaseof sti®ness
upon unloading is assumed(type 2 of unloading in Fig. 5.7). The latter casesuggestsan
inelastic responseupon unloading. Newertheless,it is generally acceptedthat the linear
elastic model with unloading-reloadingmodulus E,, di®eren from the one usedfor the
primary elasticloading E /'™ ¥ 29" nrovides reasonableappraximation to the true soil
behavior upon unloading. Two speci ¢ problemswill be now addressediependingon the
current deformation state: unloading from an elastic state (A) or unloadingfrom a plastic
state (B). SeeFig. 5.7 for graphical represemation.

primary loading

EeI S1 A
primary loading
S . T
A elastic B
stiffness _
unloading

from plastic state

current yield
surface

A Eur
type 1/] unloading 1
from elastic state
type 2

o
e

S,

Figure 5.7: Unloading problem
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Unloading from an elastic state unloading from the elastic state along the same path

as usedfor the primary loading (type 1) doesnot require any special attention. On the
cortrary, the needfor simulating an increaseof sti®nessupon unloading (type 2) calls
for a viable criterion to ched for unloading. Note that incremertal loading procedure
as usedin GMKP may prove to be particularly helpful in problemsin which the whole
soil volume either compactsor expandsat the sametime. To reliably determine the
point of unloadingin sud casesone should apply reasonablysmall load incremerts. The
point of unloading at a given integration point might be judged, e.g., by a decreaseof
equivalert elastic stress. When reloading takes place the onsetfor switching from E,, to

Efrmaryleadng can he set on by the samecriterion as for unloading. Clearly, the preser

criterion for reversing from unloading-reloadingto primary loading and vice versaneeds
to store the maximum equivalert elastic stressever reated at ead integration point.

Also note that changing moduli locally even in elastic regime producesan imbalanced
forcesand leadsto global iteration of equilibrium. When the initial stressmethod or the
modi ed Newton-Raphsonmethod is usedthe program should be able to recognizethe
changein sti®nesseat a respective number of integration points and allow for reformation
of the structural sti®nessmatrix.

Unloading from a plastic state unloading from the plastic state appearssomewhatsimple
in comparisonwith the above problem. In particular, no needfor keepingany information
about the current stressstate exists. Clearly, the yield condition naturally senes to
distinguish betweenloadingand unloading. In particular, whenunloadingfrom the plastic
state takesplacethe following conditions must be satis ed

FOA:-1) < 0
@,
——C¢¥ < O 5.6
@ ¢ % (5.6)
Eq. (5.6) is nothing elsebut the unloadingcondition introducedin Eg. (3.18). The discrete
form of reverseloading (primary loading in plastic state) assumeshe form

F(#HS-9 = 0
@5, .
— Y 0:

Egs.(5.6) and (5.7) represen natural criteria for replacingthe current tangert \mo dulus”
E+ by the modulus for unloading-reloadingE,, when unloading occurs and badk when
a reloading in to a primary plastic loading is encourtered. The exact form of neutral
loading condition as given by Eq. (3.18) cannot be essetially attained in the numerical
analysisdue to the roundo®error.

> (5.7)
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